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Abstract

This paper proposes a bootstrap-based procedure to build confidence intervals for sin-
gle components of a partially identified parameter vector, and for linear combinations of
such components. Our confidence interval is constructed from the projection of a confi-
dence region for the entire parameter. We propose a novel way to calculate the critical
level, the amount by which we relax the moment restrictions so that the component of
interest, instead of the entire vector, is covered by the confidence interval with a pre-
specified probability. This new methodology allows us to show that in finite sample, our
confidence interval is (weakly) shorter than the projection of confidence regions designed
to cover the entire parameter. We provide simple conditions under which our confidence
interval is asymptotically strictly shorter, and conditions under which our confidence in-
terval has uniformly asymptotically exact coverage. We further show that our inference
method controls asymptotic coverage uniformly over a large class of data distributions.
This class of distributions is non-nested with the class of distributions over which the
main alternative to our method, which is based on a profiled test statistic, is uniformly
valid. Our bootstrap procedure iterates over linear programming problems, and as such
is computationally attractive.
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1 Introduction

A growing body of literature in econometric theory focuses on estimation and inference in
partially identified models. For a given d-dimensional parameter vector 6 characterizing the
model, much work has been devoted to develop testing procedures and associated confidence
sets in R? that satisfy various desirable properties. These include coverage of each element of
the d-dimensional identification region, denoted Oj, or coverage of the entire set ©, with a
prespecified —possibly uniform— asymptotic probability. From the perspective of researchers
familiar with inference in point identified models, this effort is akin to building confidence
ellipsoids for the entire parameter vector 6. However, applied researchers are frequently
interested in conducting inference for each component of a partially identified vector, or for
linear combinations of components of the partially identified vector, similarly to what is
typically done in multiple linear regression.

The goal of this paper is to provide researchers with a novel procedure to conduct such
inference in partially identified models, while ensuring that asymptotic coverage is uniformly
correct in a sense made precise below. The procedure is computationally attractive because
critical values are computed by bootstrapping a linear programming problem.

Given the abundance of inference procedures for the entire parameter vector €, one might
be tempted to just report the projection of one of them as confidence interval for the pro-
jections of O (e.g., for the bounds on each component of #). Such a confidence interval
is asymptotically valid but typically conservative. The extent of the conservatism increases
with the dimension of 6 and is easily appreciated in the case of a point identified parameter.
Consider, for example, a linear regression in R'°, and suppose for simplicity that the limiting
covariance matrix of the estimator is the identity matrix. Then a 95% confidence interval for
each component of 8 is obtained by adding and subtracting 1.96 to that component’s esti-
mate. In contrast, projection of a 95% Wald confidence ellipsoid on each component amounts
to adding and subtracting 4.28 to that component’s estimate. We refer to this problem as
projection bias.

The key observation behind our approach is that projection bias can be anticipated. In
the point identified case, this is straightforward. Returning to the example of multiple linear
regression, if we are interested in a confidence interval with a certain asymptotic coverage
for a component of the vector 8, we can determine the level of a confidence ellipsoid whose
projection yields just that confidence interval. When the limiting covariance matrix of the
estimator is the identity matrix and d = 2, projection of a confidence ellipsoid with asymptotic
coverage equal to 85.4% yields an interval equal to the component’s estimate plus/minus 1.96,
and therefore asymptotic coverage of 95% for that component; when d = 5, the required

ellipsoid’s coverage is 42.8%; when d = 10, the required ellipsoid’s coverage is 4.6%."

!The fast decrease in the required coverage level can be explained observing that the volume of a ball of
radius r in R? decreases at least geometrically in d.



The main technical contribution of this paper is to show how this straightforward in-
sight from the point identified case can be generalized in the partially identified case while
preserving computational feasibility and desirable coverage properties.

We focus on the class of moment (in)equalities models, a special case of partial identi-
fication that has received much attention in the recent literature and in which Oy is equal
to the set of values for 6 that satisfy a finite number of moment equalities and inequalities.
Combination of the moment (in)equalities framework with the support function approach
(see Beresteanu and Molinari (2008)) was first proposed by Kaido (2012). For the case of
moment functions that are convex in 0, Kaido (2012) obtained testing procedures and con-
fidence sets that are asymptotically valid pointwise. We generalize these results to the case
that the moments are not convex in 6, and significantly advance them to provide a testing
procedure and associated confidence intervals that are uniformly valid over interesting classes
of data generating processes.

The existing literature provides one main alternative to our method, designed to provide
uniformly valid test procedures and confidence statements for projections of § € ©7.2 This
procedure is based on a profiled test statistic as introduced in Romano and Shaikh (2008)
and significantly advanced in Bugni, Canay, and Shi (2014). As we explain below, the class of
data generating processes over which our procedure is uniformly valid, is non-nested with the
class of data generating processes over which the profiling method is uniformly valid. Another
method proposed by Pakes, Porter, Ho, and Ishii (2011) for inference on projections, is based
on bootstrapping directly the support function of a sample analog of the identified set. As
we explain below, this method controls asymptotic coverage over a significantly smaller class
of models than our method.

The importance of uniform coverage of confidence sets in partial identification was first
emphasized by Imbens and Manski (2004), further clarified in Stoye (2009), and fully devel-
oped for moment (in)equalities models by Romano and Shaikh (2008), Andrews and Guggen-
berger (2009) and Romano and Shaikh (2010).® These authors show that in this context,
several traps may emerge unless inference procedures are uniform. For example, if identified
sets are intervals that are long relative to standard errors, then the testing problem is essen-
tially one-sided, leading to shorter and more easily computed confidence intervals. Of course,
in a pointwise perspective, every interval with positive length is asymptotically long relative

to standard errors. So one might naively assume a ”long” interval whenever the estimated

2We remark that this method provides uniformly valid confidence intervals also for non-linear functions of
0, something that our method does not currently do.

3This might be puzzling because uniformity is less frequently emphasized in other contexts and because
it is well known that uniformity over all data generating processes is elusive (Savage). Indeed, uniformity
holds only over restricted classes of models that exclude Savage-type examples. Of course, other areas where
uniformity is heavily studied exist and include contexts where one encounters similar traps to those described
here. Examples include inference close to unit roots Mikusheva (2007), weak identification Andrews and Cheng
(2012), and post-model selection inference (see Leeb and Pé&tscher (2005) for a negative take). See also the
discussion, with more examples, in Andrews and Guggenberger (2009).
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length of the interval is positive. Inference based on this approximation would, however,
break down along Pitman drift parameter sequences where degenerate intervals, i.e. point
identification, are reached in the limit. This example was explored by Imbens-Manski and
Stoye.

In our problem, uniformity is desirable along a novel dimension: Holding one (reasonably
well-behaved) model fixed, confidence regions should be equally valid for different directions
of projection. It is surprisingly easy to fail this criterion. For example, if one does not
properly account for flat faces which are orthogonal to the direction of projection, the resulting
confidence interval will not be valid uniformly over directions of projection if the true identified
set is a polyhedron. A polyhedron is not only a simple shape but also practically relevant:
it arises for Best Linear Prediction (BLP) using interval data with discrete regressors. In
this example, a method that does not apply at (or near) flat faces is not equally applicable
to all linear hypotheses that one might want to test. This stands in stark contrast to point
identified BLP estimation: Barring collinearity, an F-test will be applicable uniformly over
simple linear hypotheses. Under this latter condition and some others, our method too applies
uniformly over linear hypotheses.

Overview of the Method. Our proposal is to report as confidence interval for a
chosen linear projection of each € ©;, the support function in direction £p of a ¢(6)-level
set of a sample criterion function that aggregates sample violation of moment inequalities,
where ¢(0) is chosen to achieve the desired coverage. In the salient special case of moment
inequalities, reporting the ¢(0)-level set of the sample criterion function boils down to relaxing
all studentized moment inequalities by a properly determined amount ¢(f), and reporting the
support function in direction £p of the set defined by the relaxed studentized inequalities.

The correct choice of ¢(f) entails anticipating projection bias. In particular, for each
candidate 6 € O, we calibrate c¢() to insure that across bootstrap repetitions the projection
of each 6 € Oy is covered with a pre-specified probability of at least 1 — a. To assure that
our methodology is computationally attractive, we work with a local linear approximation to
the moment inequalities, which yields that ¢(f) can be calibrated by iterating over a linear
programming problem. We then establish uniform asymptotic validity of our procedure over
the class of distributions that we allow for.

This class of data generating processes can be related to the existing literature as follows.
We start from the same assumptions as Andrews and Soares (2010, AS10 henceforth), and
in fact compare the length of our confidence interval to the length of the projection of their
confidence set (which is constructed with the goal of covering each vector § € ©; with a
prespecified asymptotic probability uniformly). Similarly to the related literature, we en-
sure uniform validity in presence of drifting-to-binding inequalities by adopting Generalized
Moment Selection as put forward by AS10, Bugni (2009), and Canay (2010). In addition,
our procedure requires that the correlation matrix of the sample moment (in)equalities has

eigenvalues uniformly bounded from below. This assumption was considered in AS10 (for a
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specific criterion function), but eliminated by Andrews and Barwick (2012).

We then further restrict the class of data generating processes that we work with, by
assuming that for each individual constraint, a local linear approximation (i) is a good ap-
proximation to the constraint’s graph and (ii) can be estimated. Around parameter values for
which a moment inequality binds, the gradient of that ineqality must, therefore, be continu-
ous and have strictly positive norm.* This assumption (and the lower bound on eigenvalues
of the correlation matrix) is not required by the profiling method, and as such data generat-
ing processes for which it fails might be handled by Romano and Shaikh (2008) and Bugni,
Canay, and Shi (2014), but cannot be handled by our procedure.

However, we do not further restrict the local geometry of ©;. In particular, we allow for
an extreme point of O in direction of projection to be (i) a point of differentiability of the
boundary of Oy, (ii) a point on a flat face that is orthogonal to the direction of projection, or
(iii) a point on a flat face that is drifting-to-orthogonal to the direction of projection. Case
(iii) is excluded by Romano and Shaikh (2008) and Bugni, Canay, and Shi (2014), and all
three cases are excluded by Pakes, Porter, Ho, and Ishii (2011). We also allow for corners with
extremely acute angles, meaning that the interior of O locally vanishes and that the joint
linear approximation of constraints is not a good approximation to the local geometry of ©;.
This case is again excluded by Pakes, Porter, Ho, and Ishii (2011) and also by Chernozhukov,
Hong, and Tamer (2007).5 Compared to the related literature, our ability to handle this class
of models comes at the price of an additional (non-drifting) tuning parameter. We explain in
Section 3.4 why this additional parameter is needed, and why it is helpful. We also provide
a (heuristic) method to choose it.

Going back to AS10, our method can be directly compared to projection of their confidence
region if one uses comparable tuning parameters. By construction, the confidence intervals
that we propose are (weakly) shorter in any finite sample. They asymptotically agree if and
only if the asymptotic testing problem is equivalent to intersection bounds in R', that is, if all
binding constraints are locally orthogonal to the direction of projection.® This is furthermore
the only case in which (in absence of drifting-to-binding inequalities) projection of AS10’s
confidence region is not, in fact, asymptotically conservative.

There are a few other papers in the literature, that aim at providing confidence intervals
for projections of identified sets. These include Andrews, Berry, and Jia (2004), Chen, Tamer,
and Torgovitsky (2011), Kitagawa (2012), Kline and Tamer (2015) and Wan (2013). However,
each of these contributions provide confidence intervals that are valid pointwise (and some are

Bayesian and not frequentist, as our approach), and therefore might not be valid uniformly

4As we need these conditions in a uniform sense, we actually impose Lipschitz continuity of, as well as a
strictly positive lower bound on the norm of, gradients.

5Our ability to handle this case constitutes a major advance over a previous, widely presented version of
this paper.

SThe case is more generic than this description may sound because it obtains whenever the relevant support
point of Oy is a point of differentiability of 00;.



over the class of models that we consider.

Structure of the paper. Section 2 sets up notation and describes the inferential prob-
lem that we focus on, providing the basic insight in our approach. Section 3 describes the
bootstrap procedure based on linear programming that we propose for computing the level
¢n(6). It then lays out our assumptions and presents our main results: asymptotic validity
and improvement over methods based on projection of high dimensional confidence ellipsoids.
The section is concluded with a discussion of the challenges posed by the local geometry of
the identification region for uniform inference. Within this discussion, we further elucidate
the relation between our method, and the existing literature.

Sections reporting computational aspects of the method, Monte Carlo exer-

cises, and concluding remarks, are TBA.

2 Set up

We start by introducing basic notation for the moment (in)equalities framework. Let X; €
X C R be a random vector with distribution P and let © C R? denote a parameter space.
We then let m; : X x © — R denote a measurable function characterizing the model, known
up to parameter vector § € ©, with j = 1,..., J; +J2. The true parameter value 6 is assumed

to satisfy the moment inequality and equality restrictions:

EP[mJ(Xlae)] <0, 5=1,---,J1,
Ep[m](XZ,G)] =0,j=J1+1,---,J1 + Jo. (21)

The identification region ©1(P) is the set of parameter values in © that satisfy these moment
restrictions. In what follows, we simply write ©; whenever its dependence on P is obvious.
For a random sample {X;,i = 1,---,n} of observations drawn from P, we let m;,(0) =
n S my(Xi,0),5=1,---,J1 + Jo denote the sample moments.

A key tool for our inference procedure is the support function of a parameter set. We
denote the unit sphere in R? by S9~! = {p € R?: ||p|| = 1}, an inner product between two
vectors z,y € R? by 2'y, and use the following standard definition of support function and

support set:

DEFINITION 2.1: Given a closed set A C R?, its support function is
s(p, A) = sup{p'a, a € A}, p e ST 1,
and its support set is

H(p,A)={aecR:pa=s(p,A)}NA, pesit



It is useful to think of p’a as a projection of a € R? to a one-dimensional subspace
spanned by the direction p. For example, when p is a vector whose j-th coordinate is 1
and other coordinates are Os, p'a = a; is the projection of a to the j-th coordinate. The
support function of a set A gives the supremum of the projections of points belonging to
this set. Since inf{p’a,a € A} = —s(—p, A), the projection of any a € A lies in the interval
[—s(—p, A), s(p, A)]. Throughout, we call this interval the projection of A.”

Our goal is to cover each element in the projection of ©; in direction p € S¥~'. Toward
this end, consider a confidence interval C'I,, obtained by projecting a confidence region C,
for the entire parameter vector . This is akin to projecting the Wald ellipsoid in the point
identified setting. In the moment (in)equalities setting, confidence regions designed to cover

0 satisfying (2.1) have the following common form:
Cn(cn) ={0 €0 :T,(0) < cn()}, (2.2)

where T),(0) is a test statistic, and ¢, () is a critical value (see e.g. Chernozhukov, Hong, and
Tamer, 2007; Andrews and Soares, 2010). Critical values ¢, (6) available in the literature are
calibrated so that the entire parameter 6 is covered by the confidence region with at least a
prespecified probability 1 —« asymptotically. This means that ¢, (0) is large enough to ensure
that any linear projection of  is covered with probability 1 — « by the projection of Cy(cy,),
ie. p'0 € [—s(—p,Cnlcn)), s(p,Cn(cn))] for all p € S¥1. Clearly, this is more than needed as
we aim at covering the projection of # for one direction. Projecting C,(cy,), therefore, tends
to produce a conservative confidence interval.

As discussed in the introduction, this projection bias, however, can be removed by explic-
itly calculating a critical value that is just enough to ensure the coverage of the projection
of interest. As opposed to the simple adjustment of the confidence level for the Wald confi-
dence ellipsoid, the calculation of such a critical value in the moment (in)equalities setting is
nontrivial, and it requires a careful analysis of the local behavior of the moment restrictions
at each point in the identification region. This is because the projection of the confidence
region depends on (i) the behavior of the sample moments entering the inequality restric-
tions, which can change discontinuously depending on whether they bind at  or not and
(ii) the local geometry of the identification region at #. Here, by local geometry, we mean
the shape of the constraint set formed by the sample moment restrictions and its relation to
the level set of the objective function p’f. These features can be quite different at different

points in the identification region, which in turn makes uniform inference for the projection

"The projection of any a € A lies in the projection of A, but the converse is not always true. If A is not
connected, there may exist z € [—s(—p, A), s(p, A)] for which no a can be found such that z = p'a. Most
applications of partial identification to date are for models that yield connected identification regions. Some
exceptions include Molinari (2008) and Chesher, Rosen, and Smolinski (2012). However, in some of the models
considered in these papers, the researcher knows ex ante that ©; is disconnected, and also what subset of ©
contains each connected subset of ©;. Hence, our procedure can be repeated for each connected component
separately to obtain confidence intervals with smaller probability of false coverage.

[7]



challenging. In particular, the second issue does not arise if one only considers inference for
the entire parameter vector, and hence this new challenge requires a new methodology. The
core innovation of this paper is to provide a novel and computationally attractive procedure
to construct a critical value that overcomes these challenges.

With a particular choice of a test statistic, the calculation of a critical value can be
recast as a problem of finding how much one needs to relax sample counterparts of the
moment restrictions so that the projection of Cy(c;,) covers p’f with a prespecified asymptotic

probability, uniformly in P. Let C,(c,) be a confidence region as in (2.2) with the test statistic

Tn(0) = max{ max /n[m,;(0)/6n;(0)]+, max  Vn|my;(0)/6n;(0)},  (2.3)
Jj=L,,J1 j=Ji+1,,J2

where 6, j(0) is a suitable estimator of the asymptotic standard deviation, op;(0), of v/nmy, ;(6).

The support function of C,(c,) is then the optimal value of the following nonlinear program

(NLP):

S(p, Cn(cn)) = sup ple
0co

s.t. \/ﬁmn7j(9)/&n7j(9) < Cn(e), g=1--- J1+2Js, (2.4)

where we define the last Jo moments as My, s, ,+4(0) = n 7230 | —my, (X5, 0) for k =
1,---,Js. In other words, we split moment equality constraints into two opposing inequality
constraints relaxed by ¢,(#) and impose them in addition to the first J; inequalities relaxed

by the same amount. In total, we therefore have J = J; 4+ 2J5 inequality constraints.

REMARK 2.1: While our analysis is carried out working with the criterion function in
equation 2.3, it is easy to show that our method (including the bootstrap procedure described

in Section 3.1) applies similarly to a criterion function of the form

Tu0) = > Valma0)/6u;O + Y Valma(0)/6n;0), (2.5

J=1-,J1 j=Ji1+1,,J2

Criterion function 7, corresponds to criterion function Ss in AS10; criterion function T},
is akin to criterion function S; in AS10. In addition, AS10 propose a QLR based test
statistic previously considered in Rosen (2008). This test statistic does not land itself easily

to linearization, and as such we do not consider it in this paper.

Define the asymptotic size of the confidence interval by

liminf inf inf P(p'0 € CI,), (2.6)
n—oo PEP 9O (P)

where P is a class of distributions that we specify below. Let the two-sided confidence interval

8]



be defined by

CI, = [—s(—p,Cn(cyn)), s(p,Cn(cn))]- (2.7)

Consider a sequence of parameter and distribution pairs (0, P,) € {(§,P): 0 € O;(P),P €
P}. Then, the projection of 6, is covered when

— 8(=p,Cnlcn)) < p'on < s(p,Cn(cn))

{ —sup —p'?d sup p'v

- <790, < -
st.9 €O, Wgcn(ﬁ),w}—p —{s.me@, Wgcn(ﬁ),w}

—supy —p'A <0
stAE V(O —0,), YomniOntdVn) g 4\ )Y T

supy p'A 28)
st E V(O —6,), ‘/Z:“;(;(ﬁj/%‘/f) < cn(By + N/ /n), Vi '

where the second equivalence follows from rewriting the problem which maximizes p'9 with
respect to ¥ localized as ¢ = 6, + A\/y/n by another problem which maximizes the same
objective function with respect to the localization parameter X. The argument above suggests
that one can control the confidence size if one finds the right amount of ¢, such that 0 lies
within the optimal values of the NLPs in (2.8) with probability 1 — a.

To reduce the computational cost associated with calibrating the value of c¢,, we ap-
proximate the probability of the event in equation (2.8), by taking a linear expansion in
A of the constraint set. In particular, for the j-th constraint, adding and subtracting
Ep[m;(X;, 0 + A\/y/n)] yields

Vmi(Xi, 0, + A//n)

é-j(en + )‘/\/ﬁ)
_ (X, 00+ A V/n) = Ep[my(Xi, 00 + A/VR)]) | Bplmy(Xi, 00 + A/ V)]
=vn 5,6+ A/v) B + M)
={Gpjn(On + X/ V1) + Dpj(0n)' X+ hpjn(n) 1+ 1jn(60)), (2.9)

where Gp () = /n(mn () — Ep[m;(X;,-)])/op;(-) is a normalized empirical process in-
dexed by 0 € ©, Dp;(-) = Vo{Ep[m;(X;,-)]/op;(-)} is the gradient of the normalized
moment, and hp;n(-) = /nEp[m;(X;,-)]/op,(-) is the population moment scaled by /n.
The second equality follows from the mean value theorem, where 6, represents a mean
value between 6,, and 6,, + \/y/n, which can differ across components of the gradient, and
Nin(-) =o0p;(-)/6jn(-) — 1 can be shown to converge in probability to 0 uniformly.

Under suitable regularity conditions set forth in Section 3.2 (which include differentia-
bility of Ep[m;(X;,0)] in 0 for each j), we show that the probability that the nonlinear

[9]



program in equation (2.8) takes a value greater or equal to zero, is suitably approximated
by the probability that a program linear in A takes a value greater or equal to zero. The
constraint set of this linear program is given by the sum of (i) an empirical process Gp;(6)
evaluated at @ (that we can approximate by a bootstrap) (ii) a rescaled gradient times A,
Dp;(6)'\ (that we can uniformly consistently estimate on compact sets), and (iii) the pa-
rameter hp;,(6) that measures the extent to which each moment inequality is binding. This
suggests a computationally attractive bootstrap procedure based on linear programs.

As commonly done in nonlinear econometric models, we use linearizations to obtain a
first-order approximation to the statistic of interest. In our setting, the object of interest
is the support function of the confidence region. Calculating the support function subject
to the moment (in)equality constraints is similar to calculating a nonlinear estimator (e.g.
GMM estimator) in the sense that both seek for a particular parameter value, which “solves”
a system of sample moment restrictions. For our problem, we seek for a parameter value
satisfying suitably relaxed moment inequalities and equalities whose projection is maximal,
while GMM, for example, seeks for a parameter value that minimizes the norm of sample
moments, or necessarily a value that solves its first-order conditions. Hence, the solution
concepts are different. However, the methodology for obtaining approximations is common.
Recall that one may obtain an influence function of the GMM estimator by linearizing the
moment restrictions in the first-order conditions around the true parameter value and by
solving for the estimator. In a complete analogy to this example, calculating the optimal value
of the linear program discussed above can be interpreted as applying a particular solution
concept (the maximum value of the linear projections) to a system of moment (in)equality

constraints linearized around the true value.

3 Asymptotic Validity of Inference

3.1 An LP-based bootstrap critical value

In light of the discussion in the previous section, for a given 6 € © we calibrate the level ¢, (0)
using a bootstrap procedure that iterates over linear programs (LP). Our bootstrap critical

value is defined as
én(0) =inf{c € Ry : P(—2%(—p,c,0) <0< 2Z2(p,c,0)) > 1 —a}, (3.1)

for a process Z¢, which can be calculated as follows. Below, let mj (-, 0) = m;(+,0) —mjn(0)

be the re-centered moment function and let ]_A)n,j (0) be an estimator of Dp;(6).
Step 0 For given c, repeat the following bootstrap simulation for b = 1, ..., B times:

Step 1 Draw a new sample (Xf’ )i~, by independently resampling the data with replacement.

[10]



Step 2 Compute Z%(q,c,0) for ¢ = p and —p by solving the following program:

Zb(g,c,0) = sup ¢'A
A

1 — X R . ,
s.t. X € pBy, 7 > mi(X],0)/60,5(0) + Du(0) A+ Cuy(0) <, j=1,--- 1,
i=1
(3.2)

where p > 0 is a constant chosen by the researcher, By = {z € R? : |z;| < 1,Vj} is a
unit box in RY, and ¢, j() is one of the generalized moment selection (GMS) functions
proposed by Andrews and Soares (2010) and defined by

o= 10 M n(0)/6;0(0) > 1
n,j —0o if H;l\/ﬁmj’n(e)/&j’n(g) < 1.

Step 3 Compute
én(0) = inf{c: P*(—2b(—p,c,0) <0< 28(p,c,0) > 1 —a}. (3.4)

The linear program in (3.2) can be solved efficiently using commonly used softwares.®

REMARK 3.1: For concreteness in Step 2 above we propose the use of a specific GMS
function among the ones in AS10. As shown in the Appendix, our results apply to all GMS

functions in AS10, except one.”

The idea behind this bootstrap procedure is as follows. First, the bootstrapped empirical
process and the estimator of the gradient give approximations to the first two terms in the
constraint in (2.8). Second, the GMS function approximates the local slackness parameter
hp;n(0) conservatively. Suppose, for example, the j-th constraint is locally binding at 6, i.e.
hp;n(0) is negative but is close to 0. If the GMS procedure selects this constraint, it sets
the third term in (3.2) to 0. This makes our critical value slightly more conservative because
replacing hp;,(6) with 0 requires us to relax the constraints by a larger amount to make the
maximized value of the linear program greater or equal to 0 with probability 1 —a. Since the
local slackness parameter cannot be consistently preestimated uniformly, we employ the GMS
procedure proposed by Andrews and Soares (2010) to obtain the conservative distortion.

In addition to the linear approximation of the constraints in (2.8), our bootstrap procedure

restricts A to the “p-box” pBy for some p > 0. This restriction is introduced to allow our

8Examples of high-speed solvers for linear programs include CVXGEN (available from http://cvxgen. com)
and Gurobi (available from http://www.gurobi. com).

9These are @' — ¢* in AS10, all of which depend on r,'\/nim; . (0)/6;,(0). We do not consider GMS
function ¢° in AS10, which depends also on the covariance matrix of the moment functions.

[11]
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methodology to remain uniformly valid even in situations where the set of moment restrictions
tend to a configuration that makes inference for the projection challenging. We discuss this

point in detail in Section 3.4.

3.2 Assumptions

Our first assumption is on the parameter space and the criterion function. Below, ¢ and M

are used to denote generic constants which may be different in different appearances.
ASSUMPTION 3.1: © C R? is compact and convex with a nonempty interior.

Compactness is a standard assumption on © for extremum estimation. In addition we
require convexity as we use mean value expansions of Ep[m;(X;, )] in 6 as shown in equation
(2.9). We then define our model as follows.

ASSUMPTION 3.2: The model P for P satisfies the following conditions:

(Z) EP[m](sze)] < 0) ] = 17"'7J1 and EP[mJ(XZ,Q)] = 0’ j = Jl + ]-a 7J1 +J2 fOT
some 0 € O;

(i) {Xi,i > 1} are i.i.d. under P;
(i13) J%J(H) € (0,00) forj=1,---,J for all § € O;
(tv) For constants 6 >0 and 0 < M < oo and all j=1,---,J,

m(XZ 9) 2+6
Ep| sup |20 7 < M:; 3.5
P[egg op,;(0) ‘ ] - (35)
(v) Let m(X;,0) = (m1(Xi,0),-- ,my41,(X;5,0)). Let Qp(f) = Corrp(m(X;,0)). The

smallest eigenvalue of Qp(@) is greater than w for some w > 0.

(vi) There is a positive constant e such that ©;(P) C ©7¢, where © ¢ = {0 € © : dy(6,R%\
©) > €}.

Assumption 3.2 (i)-(iv) based on Andrews and Soares (2010) are standard in the liter-
ature. Assumption 3.2 (v) requires that the correlation matrix of the sample moments has
eigenvalues uniformly bounded from below. It is used to show that the probability that the
nonlinear constraint set is empty while the linearized constraint set is non-empty, is uniformly
arbitrarily small. This is used to establish asymptotic validity of our linear approximation.
Assumption 3.2 (vi) requires that the identified set is in an e-contraction of the parameter
space, where € is a uniform constant. This implies that the behavior of the support function of

Cn(cy) is determined only by the moment restrictions asymptotically under any P € P. This
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assumption could be dropped if the parameter space can be defined via moment inequalities,
e.g. © = [0,1]? or similar.

For any sequence of random variables { X} and a positive sequence a,, we write X,, =
op(ay) if for any €, > 0, there is N € N such that suppcp P(|Xpn/an| > €) < n,Yn >
N. We also write X,, = Op(ay) if for any n > 0, there is a M € Ry and N € N such
that suppep P(| Xy /an| > M) < n,¥Yn > N. The following assumption collects regularity

conditions on the gradient and variance of the moments.

ASSUMPTION 3.3: The model P for P satisfies the following additional conditions:

(i) For each j, there exist Dp;(0) = Vo{Ep[m;(X,0)]/op;(0)} and its estimator Dj..(0)
such that supgeg \\ﬁyn(ﬁ) —Dp;(0)|| = op(1). Further, there exist M, M > 0 such that
M < ||Dp;(0)|| <M for all 0 € 00;(P) and j=1,---,J;

(ii) There exists M > 0 such that maxj—; ... j||Dp;(0) — Dp;(0")|| < M0 — &'|| for all
0,0 € ©;

224 1| = Op(n~112).

(iii) SUpge MAXj—1,.. ]+, op,; (0

Assumption 3.3 requires that the normalized population moment is differentiable, the
derivative is Lipschitz continuous, and it can be consistently estimated uniformly in 6 and P.
We require these conditions because we use a linear expansion of the population moments to
obtain a first-order approximation to the support function of C,, and our bootstrap procedure
requires an estimator of the population gradient. Note that, while Assumption 3.3 restricts
the norm of the gradient, we do not directly assume that 7,,(f) is bounded from below by
a polynomial function of # outside a neighborhood of the identification region, which was
assumed in some of the existing work (see e.g. Chernozhukov, Hong, and Tamer, 2007).
Assumption 3.3 (iii) requires that an estimator of the asymptotic variance is available and it
converges at a parametric rate. This condition holds under regularity conditions on higher
moments.

A final set of assumptions is on the normalized empirical process. For this, define the

variance semimetric pp by

(3.6)

pr(0,0) = |[{Vare (o550)m; (X,0) = o7} (0)m; (X, 0))*}_ |.

j=1

For each 6,0" € © and P, let Qp(0,6’) denote a J-by-J matrix whose (j, k)-th element is the
covariance between m;(X;,0)/op;(0) and my(X;,0"))/opi(0') under P.

ASSUMPTION 3.4: (i) For every P€ P, and j=1,---,J, {JIS;(H)mj(-,G) X - R,0 €

©} is a measurable class of functions; (i) The empirical process Gp, with j-th component



Gpyn is asymptotically pp-equicontinuous uniformly in P € P. That is, for any e > 0,

limlimsup sup P*( sup [[Gpn(8) — Gpn(8)] > €) = 0; (3.7)
010 n—oo PeP pp(0,00)<68

(iii) Qp satisfies

lim sup sup [[Qp(61,01) — Qp(62,605)|| = 0. (3.8)

040 )1(61,67)—(62,05) | <5 PEP
Under this assumption, the class of normalized moment functions is uniformly Donsker.
This allows us to show that the first-order linear approximation to s(p,Cy(cy)) is valid and

further establish the validity of our bootstrap procedure.

3.3 Main Results

The following theorem is our first main result, which establishes the asymptotic validity of

the confidence interval.

THEOREM 3.1: Suppose Assumptions 3.1-3.4 hold. Let 0 < o < 1/2. Then,

liminf inf inf P(p/0 € [~5(—p,Cu(én)), s(p,Cu(n))]) > 1 — a, 3.9
iminf fnf b P06 € [=5(=p,Calén)), s(p, Ca(En))]) 2 1 — @ (3.9)

where &, was defined in equation (3.4).

Our second results establishes that C'I,, is always a subset of a confidence interval obtained
by projecting an Andrews and Soares (2010) confidence set. We remark, however, that the
confidence set proposed by Andrews and Soares (2010) is built to uniformly cover each vector
in ©7 with a prespecified asymptotic probability, and as such is designed for a different
inferential problem than the one considered here. Below we let ¢2° denote the critical value
obtained applying Andrews and Soares (2010) with the criterion function in equation (2.3)

and with the same choice of ¢, and &, as defined in equations (A.5) and (A.7), respectively.

THEOREM 3.2: Suppose Assumptions 3.1-3.4 hold. Let 0 < o < 1/2. Then for each
neN
Cl, C [=5(=p, Calcp®)), 5(p, Ca(cfi™))]. (3.10)

3.4 The local geometry of the identification region and uniform inference

The local geometry of the identification region affects inference for the projection of 6 in
various ways. We illustrate, through examples, how our inference method handles some of
the key challenges faced by the existing methods.

We begin with a simple example.
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EXAMPLE 3.1: Let © = [~ K, K]? for some K > 0 and moment functions be given by

my(z,0) = 2 (0 —1)% + 0y — 2(? (3.11)
ma(z,0) = 3 (0 +1)% + 0y — 2@, (3.12)
where we assume X [ =1,--. 4 are i.i.d. random variables with mean j, > 0 and variance

o2. The parameter of interest is 5. So, we let p = (0,1)’.

The projection of 6 € O is maximized at a unique point §* = 0. For simplicity, consider
constructing a one-sided confidence interval CI,, = (—oo, s(p,Cp(cyn))], where s(p,Cp(cn)) is
defined as in (2.4) with J; = 2 inequality restrictions with the moment functions in (3.11)-
(3.12) and no equality restrictions. Then, 6* gives the least favorable case for this one-sided
confidence interval.

Consider the following linear program at 6 = 6*:

Z,(p,c,0) = sup p'A
AER2

s.t. Gpn(0) + Dp(0)A + hp,(0) < c (3.13)

where Gp1,(0F) = a(XD + X2 = 241,)/v20, and Gpan(0*) = va(X® + XM —
24)/V/ 20, the gradient matrix Dp(0*) has rows Dp1(0*) = (2p./V204,1/V/20,) and
Dpa(0*) = (—2puy/V204,1/v/20,), and hp,(0*) = (0,0). This program is infeasible in
the sense that it uses unknown population objects, in particular, the knowledge that 6* is a
point at which both population moment inequalities bind, which implies hp,(6*) = (0,0)".
Though infeasible, it gives useful insights. Figure 1 shows the original nonlinear constraints
and linearized constraints around 6* perturbed by Gp,. The key idea of our procedure is to
find ¢, (6*) such that Z,(p, c,(0*),0), the value of the perturbed linear program, is greater
than or equal to 0 with probability 1 — «, and use it in the original nonlinear problem upon
projecting Cy,(-).

In Example 3.1, the optimal value of the linear program in (3.13) has a closed form, which
is Z,(p,c,0%) = p’DIZl(c —Gpy) = V20,(c — W,), where W, = (Gpin+Gp2y)/2 has a
limiting distribution N(0,1/2) (under a fixed (6%, P)). Therefore, by setting ¢, (6*) to 1.15,
the 95%-quantile of N(0,1/2), one can let Z,(p, ¢, (6%),0*) be greater than or equal to 0 with
probability 95% asymptotically.'? This infeasible critical value is the baseline of our method.
In practice, the researcher does not know whether a given 6 is on the boundary of the identi-

fication region nor the population objects: the distribution of Gp,,(6) and (Dp(8), hpn(0)).

!0This argument is based on a pointwise asymptotics, which fixes (6*, P) and sends n to co. This is done
only for illustration purposes to obtain a specific value for ¢, (6*). Our proof does not use this argument. Note
that the critical value calculated under this pointwise asymptotics depends on the covariance matrix of Gp .
For example, if corr(Gp,1,n, Gp,2,n)=-0.9, it is enough to set ¢, (0*) to 0.37.
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Figure 1: Moment inequalities (left) and linearized constraints (right)

Our bootstrap procedure therefore replaces them with suitable estimators.

An alternative yet closely related way to construct a confidence interval is to use the
support function of a sample analog estimator C,(0) = {0 € © : m,,(0#) < 0} of the identified
set. This approach was taken for example in Pakes, Porter, Ho, and Ishii (2011) (see also
Kaido and Santos, 2014, section 4.3). A one-sided confidence interval can be obtained by
properly expanding the support function, i.e. CI, = (—o00,s(p,Cn(0)) + 7/y/n], where 7
is the 1 — o quantile of the limiting distribution of the normalized support function S, =
Vn[s(p,Cr(0)) — s(p, ©1(P))]. The normalized support function can be approximated by the
linear program in (3.13) with ¢ = 0, which is Z,(p, 0, 6*) = v/20,W,,, and this in turn, suggests
the choice 7 = g, x 1.645. This critical value, however, depends on ¢, and is not invariant to
scale transformations of moments. This is not desirable as inference methods without scale
invariance are known to have poor power properties. (see e.g. Chernozhukov, Kocatulum,
and Menzel, 2015). The lack of invariance is due to the fact that the procedure compares
the standardized constraints to ¢ = 0, which is equivalent to comparing non-standardized
constraints to 0. Note that our procedure does not suffer from this issue because, whenever
a positive amount of relaxation is necessary, the level ¢ is compared to the standardized
moments.

Next, we consider a setting where the projection is maximized at multiple points. For this,
we add, to the existing constraints, one more inequality restriction whose moment function

is given by
ms(z,0) = 20, + 0y + 2(©) (3.14)

where X©®) and X are independent random variables independent from X ... x(®)

with mean Ep[X®)] =0, Ep[X©)] = p, and variance Varp(X®)) = Varp(X(©) = 2. (See
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Figure 2: Flat face (left) and a near flat face (right)

Figure 2.)

The projection of § € Oy is then maximized over the following set:
H(p,O)={0€cO©:0,c[1—V2,-1+V2],00 = —p,}. (3.15)

In other words, the identification region has a flat face toward direction p. At each 6 €
H(p,©7), one can study the infeasible linear program. For example, at 0* = (1 — /2, — ),
the first and third moment inequalities bind, but not the second one. Then, the approximat-
ing linear program in (3.13) holds with hp,,(0*) = (0, —/n(4 —2v/2) 1z, 0)'. If the magnitude
of the second component of hp,(0*) is large, (or along any sequence (6,,P,) such that
hp, 2n(0n) — —o0), the second moment inequality becomes negligible. Solving for the opti-
mal value using the two remaining constraints then yields Z,(p, ¢, %) = v20,(c—W,,), where
W,, = Gpsn(0*) approximately follows the standard normal distribution, which suggests that
cn(0%) = 1.645, the usual one-sided critical value, can be used. However, if hpa ,(6*) is close
to 0, the second constraint is also relevant. In such cases, our procedure uses the GMS func-
tion to replace hps ., (6*) with 0 and adds the second inequality as an additional constraint to
the linear program. This in turn increases ¢, (6*) needed to ensure Z,(p, ¢, (6%),0%) > 0 with
probability 1 — a. The same argument applies to every 6 in the support set. For example
at 0 = (0, — ), the third moment inequality is the only one that binds, which again defines
another approximating linear program with a different local slackness parameter. Hence, the
amount of relaxation needed to ensure the one-sided coverage differs across points in H(p, O;)

due to different values of the slackness parameter.!! Furthermore, the analysis also extends

11 0On the other hand, if we abstract from the local slackness parameters associated with the slack constraints,
the infeasible critical value is common across points in the support set. That is, whenever the magnitude of
the slack constraints are —oo, the infeasible critical value is 1.645 at all points in the support set. This is
because, in the presence of the third constraint whose gradient is aligned with p, the problem reduces to a
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to settings where the identification region has a face whose normal vector is nearly aligned
with p as shown in Figure 2. We will come back to this case later in this section.

As discussed above, the presence of a flat face or more generally a non-singleton support
set does not complicate our inference procedure because we calibrate the level at each §. On
the other hand, these features raise a non-trivial challenge for methods that use test statistics
whose limiting distributions depend on H(p,©;). For example, consider again the method
that constructs a confidence interval from the support function of the estimated identified
set. If the support set is not a singleton, the distribution of the normalized support function
Sy can be shown to be approximated by the supremum of Z,(p,0,0) over H(p,Or). Hence,
the support set becomes a nuisance parameter that affects the distribution of the statistic.
Uniform size control then becomes challenging. In particular, for a sequence of DGPs P,
along which the support sets are singletons (i.e. H(p,O;(FP,)) = {6,} for all n) but non-
singleton in the limit, the limiting distribution of the statistic changes in a discontinuous
manner. We call such a setting “near flat face”. In the present example, one can construct
such a sequence P, by letting Ep [X®)] > 0 for all n and letting it drift to 0 (see Figure
2). To handle this issue, one needs to either assume away the presence of a flat face (toward
direction p) or to come up with a way to introduce a conservative distortion. Pakes, Porter,
Ho, and Ishii (2011) and Kaido and Santos (2014) (Assumption 4.1) for example take the
first approach and assume away flat faces. However, this is not desirable as some of the
commonly studied examples in this literature exhibit flat faces.'> In a related context, the
recent work of Bugni, Canay, and Shi (2014) considers testing the hypothesis Hy : f(0) =~
and constructing a confidence interval through a test inversion. Their procedure can be
employed to make inference for the projection of 6 by taking f(0) = p/'f. Using a profiled
test statistic infyg., 9y @nQn(0), where @, is a sample criterion function, Bugni, Canay,
and Shi (2014) show that, one can make uniformly valid inference by calculating a critical
value via bootstrap, while conservatively approximating the local slackness parameters and by
constructing an estimator of the parameter set =;(y) = {6 € ©; : p'0 = v}. Note that =;(7)
coincides with the support set when v equals s(p, ©1). Although their inference is valid over a
class of distributions under which Z7(7) is not necessarily singleton-valued, they require that
the population criterion function increases as a polynomial function of the distance from 6 to
Z7(7) when 0 deviates from this set along the hyperplane {6 : p’0 = v}.!3 This requirement,

however, excludes data generating processes that exhibit near flat faces. For example, in

one-sided testing problem.

12For example, Beresteanu and Molinari (2008) show that the identification region for the best linear pre-
dictor of an interval-valued outcome variable with discrete covariates has flat faces. See also Freyberger and
Horowitz (2013) for a nonparametric IV example with discrete variables.

13Without this requirement, their estimator of Z1(y) may include points at which population moment
(in)equalities are violated but by not much. At such points, the sample moment inequalities may even realize
as slack constraints, and hence replacing the (violated) population local slackness parameter with the GMS
function does not necessarily provide conservative approximations. For details, we refer to discussions provided
in Bugni, Canay, and Shi (2015) (page 265).
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the right panel of Figure 2, consider deviating from 6* toward direction (—1,0). Because of
the third constraint tending to a flat face, one can make the population criterion function
increase arbitrarily slowly along such a deviation.

Recall that our bootstrap procedure in Section 3.1 imposed the additional constraint
A € pBy. Below, we discuss the role of this constraint using Example 3.1.

Recall that Dp(6*) has rows:

Dp1(0%) = (2uz/V20,,1/V20,), and Dpa(0*) = (—2us/V204,1/V20,).  (3.16)

Consider a sequence of DGPs such that p, — 0. As we saw before, under each DGP with
tg > 0, the infeasible linear program calibrates ¢, (6*) = 1.15. In the limit, however, the

moment inequalities reduce to the following restrictions:

02 — Ep[X®)]

0y — EP[

x®)<o (3.17)
xW<o. (3.18)
In other words, #3’s upper bound is given by the minimum of the two means: Ep[X (2)] and
Ep[X®]. This structure is also known as “intersection bounds” (Hirano and Porter, 2012).
The value of the linear program in (3.13) is then Z,(p, ¢, 0*) = min{c — Gy ,,c— Gy, }. This
suggests that one would need a two-sided critical value, ¢, (6*) = 1.96 instead of 1.15 to ensure
that Z,(p,c,(0%),0%) > 0 with probability at least 95%. This is another challenge for the
uniform validity of inference. For any setting where the constraints are close to the minimum
of the two means, any inference method that does not take into account this feature would
have poor size control.

This type of example is the main reason we restrict the localization parameter A into the p-
box. Adding the p-box constraint to the linear program in (3.13) lowers the value of Z,,(p, ¢, 0)
for each ¢, which means that one needs a higher ¢, (6) to ensure that Z,(p, c,(0),0) > 0 with
a prescribed probability. Hence, adding the p-box constraint makes the critical value weakly
more conservative. How this modification works in the example above is described in Figure 3.
The figure shows the data generating process on the left panel and a realization of a constraint
in the bootstrap problem in (3.2). Note that, due to the sampling variation, the estimated
gradients Dl,n and DQ,n differ slightly from the population gradients. Without the p-box
constraint, the maximum is attained at \*. Since the estimated gradients are fixed across
bootstrap replications, p’\* behaves as approximately normal, and by the previous argument
we would end up with ¢, (0*) = 1.15. With the p-box, however, the optimum is attained at A\**
whose projection is the minimum of the projections of two points at which the two constraints
intersect with the right boundary of pBgy. Therefore, our bootstrap procedure mimics the
minimum of the two-means problem. This is true whenever the population gradients are close

to this situation, and hence restricting A to the p-box provides a conservative distortion and
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plays a key role in establishing the uniform validity of our procedure.

The near flat face example in Figure 2 can be handled analogously. For example, for
some points such as 0**, the relevant constraint is the third constraint (near flat face). A
linearized problem around 6** then looks akin to the right panel of Figure 3 without the red
line. Calculating a bootstrap critical value then yields a one-sided critical value ¢,(0) = 1.645

(approximately) as before.
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Figure 3: Minimum of two means and a p-box
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A Definitions, Notations, and Proofs of Main Theorems

A.1 Objects related to normalized empirical process
For each j and 6 € ©, let m;.(0) = = >, m;(X;,0). Define
Gp.jn(0) = Vn(mn(0) — Ep[m;(Xi,0)])/op;(0). (A1)

Let Gpn = (Gpin, -+ ,Gp,sn). This is a vector of empirical processes on ©.

Under Assumptions A.1-A.4 in Bugni, Canay, and Shi (2015)(Assumptions 3.2-(iv) and 3.4 in the main
text), one obtains various desirable properties (Lemma C.1 in Bugni, Canay, and Shi (2014)) including the
Donsker property, so that for any €,n > 0, there exists N € N such that suppcp pL(Gpn,Gp) = o(1),
where Gp is a vector of Gaussian processes with covariance kernel Qp(6,0') whose (j, k)-th element is given
by Ep[(m;(X;,0) — Ep[m;(X;,0)])(mk(X;,0) — Ep[mi(X;,0)])]/(0;,p(0)ok,p(0')). We then let Qp(0) =
Qpr(0,0). One also obtains that &, ;/0p; =" 1 uniformly in P and 6.

Define hp ;. (0) = vVnEp[m;(X;,0)]/op,;(0). Let Dp(0) be a J X d matrix whose j-th row is Dp ;(0)". Let
G} ,.(0) be the normalized bootstrap empirical process G, (0) = ﬁ(fn?,nw) mjn(0))/6%,(0), where for

a random sample {X7},---, X2} from the empirical distribution, m} () = D m;(X?,0) and 62,,(0) =
({5 iy m(X?,0) —m3 . (0)}*)2.
Let
hn = Vn(s(p, ©1(P)) + s(—p, ©1(P))) (A.2)

denote the length of the projection of ©;(P) normalized by /n. (Recall from the definitions that the pro-

jection of any 6 € O;(P) to the one-dimensional subspace spanned by the direction p lies in the interval

[=5(=p, ©1(P)), s(p, ©1(P))].)

A.2 Objects related to critical values

Let Bg = [—1,1]¢ be the unit-box in R?. Let ¢ : R[Jioo] — R[]_oo] be defined componentwise by
0 if&§ > —
v (&) = Y (A.3)
—o0 if & < —
Let ¢ : R[’iw] — R[COQ] be a function such that
L @j(&5) < ¢;(&;) for all §; € Ri_oj,
2. ¢j(-) is continuous,
3. ;&) =0forall £ > 0 and ¢j(—o00) = —o0.
The existence of this function is ensured by Lemma D.8 in Bugni, Canay, and Shi (2015). Define
(Pyn(0) = @™ (kn " hpjn(0)), (A.4)
Cin(0) = @(rz ' 115,1(6)/6.0(6)) (A.5)
G (0) = @ (0 'm0 (8)/65.0(0)), (A.6)
with
Kin = o(n~ /2 (A7)

Throughout, we use the following auxiliary linear programming problem and denote its value function by
U:R7 xR xR x Ry x Ry.
Ula,B,7,6,p) = sup (p,A)
AEpBy

stoaj+BiA+7y <6, j=1,--,J (A.8)
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Let
AE,v,0) ={AeRY: T\ <6 — vy},

(A.9)

withv; =a;+v;forj=1,...,J,v; =pflor j=J+1,...,J + 2d, yielding a (J + 2d) x 1 vector, and E a
(J 4+ 2d) x d matrix collecting in the first J rows the vectors §;, and below it the matrices 14 and —I.

We then define the following processes:

27 ,(p,¢,0) = U(Gp(6), Dp(8), hpa(6), ¢, p) (A.10)
Z7P(p,c,0) = U(Gp(0), Dp(0),Cpn(0),c, p) (A.11)
22" (p,¢,0) = U(Gr(8), Dn(9),6a(0), ¢, p) (A.12)
277 (p, ¢,0) = U(G.(0), Dn(6), 61 (6), ¢, p).- (A.13)
We then define the corresponding critical values by
chn(0) =inf{c € Ry : P(Z] , (p,c,0) 202> —Z] (-p,c,0)) >1—a} (A.14)
cn(0) =inf{c € Ry : P(Z5"(p,c,0) > 0> —Z2°(—p,c,0)) > 1 —a} (A.15)
én(0) =inf{c € Ry : P(Z2P(p,c,0) > 0> —Z2P(—p,c,0)) > 1 —a} (A.16)
én(0) =inf{c € Ry : P(Z"(p,c,0) > 0> —Z2P(—p,c,0)) > 1 —a}. (A.17)
A.3 Relevant sets and functions of \
For each A € R?, define
Ujin,0(A) = Vimn (0 + A/ Vn) /650 + A/V/n) — ca(0 + X/ V/n) (A.18)
Vjn0(A) = Gpjn(0) + Dp;(0)' X+ hpjn(8) —ca(0). (A.19)
Wino(N\) =Gp;(0) + Dpj(0) X+ hpjn(0) — cn(B). (A.20)
Below, for each 8 € © and p > 0 we let the associated level sets be defined as
Un(0) = {\ € pBa : ujne(N) <0,Vj=1,...,J}, (A.21)
Va(0) = {X € pBa:vjne(N) <0, Vj=1,...,J}, (A.22)
Wn(0) = {X € pBa : wjne(A) <0,Vj=1,...,J}. (A.23)
Let
V, %(0) = {\ € pBa:vjme(\) < -5, Vj=1,...,J}, (A.24)
W, (0) = {\ € pBa: wjme(\) < —6,Vj=1,...,J}. (A.25)
Let Kp be a (J + 2d) x d matrix collecting the first J rows of the matrix Dp, and below it the matrices
I; and —1,.

A.4 Notation on convergence

For any sequence of random variables {X,,} and a positive sequence a,, we write X,, = op(ay) if for any
€,n > 0, there is N € N such that suppcp P(|Xn/an| > €) < n,Vn > N. We also write X, = Op(ay) if for

any n > 0, there is a M € Ry and N € N such that suppcp P(|Xn/an| > M) <n,Vn > N.

A.5 Proofs of Main Theorems

PROOF OF THEOREM 3.1: Following Andrews and Guggenberger (2009), we index distributions by a vector of

nuisance parameters relevant for the asymptotic size. For this, let v = (v1,v2,73), where v1 = (y1,1, -+ ,71,7)
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with
7.3(0) = op () Ep[m;(Xi,0)], j=1,---,J, (A.26)
~v2 = (vech(Qp(0)),vec(Dp(0))), and v3 = P. Let {P,, ,0,} € {(P,0) : P € P,0 € ©;(P)} be a sequence such

that

liminf inf inf P(p'0 € CI,) =liminf P, (p'0» € CL,,). A.27
it L By, PO € OT) =i int B (06n € CT) (A.21)

We then let {l,,} be a subsequence of {n} such that
liminf P,, (p'6, € CL,) = lim P, (p'6:, € C1L,). (A.28)
n— o0 n—oo i

Recall that
Ch, = [=s(=p,C1,(&1,)), (P, C1,, (¢1,))]-
By Lemma B.1, if b} < 11117{5 it suffices to show that lim, oo Py, (s(p,Us, (61,)) >0 > —s(—p, Ui, (61,.))) =
1—a. If b > ffllf’ it suffices to show that for each 0/ € H(—p,©;(P)) and for each 67 € H(p,O(P)),
min{lim, 0 Py, (s(=p, U1, (61,)) > 0), limp 00 Py, (s(p, U, (67,)) > 0)} > 1 — . We argue explicitly for
the case that hA < 51/5 the other case is similar.
Define A1, = {Wln( 1) Z0NV, (01,) 0N UL, (601,) # 0)}. It then follows that

Py, (s(p, Ui, (01,)) = —e N 5(=p, Ui, (61,)) = —¢)
> P, ({s(p, Uln(eln)) > —e} N {s(—p, U1, (01,)) > —€} N A1n)

> Pw ({s(p,Vi,, (61,,)) > 0} N {s(=p, Vi, (61,,)) > 0} N A1y)
2 ({ qerggx |5(, UL, (61,.)) — 5(¢, Vi, (01,))] > €} N An)
> Py, ({s(p,Vi,(61,)) = 0} N {s(—p, V1, (61,,)) > 0} N A1) — €

for n sufficiently large, where the last inequality follows from Lemma B.5, observing that by Lemma B.2
(ii)-(iv), ¢ satisfies the conditions of Lemma B.5.
Taking limits as n — oo and noting that € is arbitrary, we have
Jim Py (s(p, Us, (01,)) 2 0 2 =5(=p, Us,, (01,))) = lim Pry ((s(p, Ut (61,,)) 2 0 = =5(=p, Uty (61,,))) M Ain).
(A.29)
Define Az, = {Wi,(61,) # 0NV, (6,) # 0} and note that Az, = A U {W,, (61,) # 0N Vi, (6:,) #
0N UL, (01,) = 0}. Therefore,
Py, ({3(p,V1,(01,)) > 0 > —s(=p, Vi, (01,,)) } N A1n)
:Pw ({s(p, V1, (01,,)) = 0 > —5(—p, Vi, (61,,)) } N A2n)
o, (180 V1, (01,)) > 0 > —5(=p, Vi, (61,)) } 0 {W0,, (01,) 0N Vi, (61,) # 0N Ty, (61,) = 0})
> Py, ({s(zu Vi, (01,)) > 0> —s(—p, Vi, (6,))} N Asn) — 1, (A.30)

for n sufficiently large where the second inequality follows from Lemma B.4. Taking limits as n — oo and
noting that n > 0 is arbitrary, we have

lim Py ({s(p, Vi, (01,)) > 0 > —s(=p, Vi, (61,,)) } N A1n)

> lim Py ({s(p, Vi, (01,)) 2 0> —5(=p, Vi, (61,,)) } N Azy). (A.31)
Recall that for each ¢ € {p, —p}, s(q, Vo (0)) and Z} (g, cxn, 0) are both value functions of linear programs, where
the program defining s(g, V,.(0)) involves the empirical process Gp,j,n, while that for Z/(q, cn,8) involves the
limit Gaussian process Gp,;. Since Gp,, converges weakly to Gp in C(®), there is a Skorokhod representation
Gp,, and G} on some probability space (Q,P) such that Gy, 4 Gpn and Gp 2 Gp and Gh., % G,

Hence, for any n, replacing Gp,(0) with Gp(6) in the linear programming problem corresponds to only
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shifting the constraints while keeping the gradient fixed. By Theorem 14 in Wets (1985), the value function
of the linear program is continuous. Therefore, for any n > 0 and any sequence 6, € O, there is § > 0 such
that max; |Gp ; ,(0n) — Gp;(0n)| < d implies [s(q, Va(0n)) — Z7(q, cn,0n)| < 7, and P, (max; |Gp jn(0n) —
Gpj(0n)| < 6) =P(max; [Gp; ,(0n) — Gp ;(0n)] < d) = 1 as n — co. Therefore, for any n > 0, we have

Jim Py ({s(p, Vi, (01,)) 2 =0} 0 {s(=p, Vi, (61,)) = —n} N Asn)

> lim P, ({Z/(p,c1,,00,) > 0> —=Z(—p,ci,,00,)} N Asp)

n—00

= Po ({ e (50, Va®1,) = Z1(0.c1,.00,)] 2 0} 0 Aor)

> lim Py, ({Zf(p.cr,,00,) 20> —Z[(=p,c1,,00,) } N Azp)

-P, ({ max IGpjt, (01,) — Gp;(01,)] > 6} N Asy)

> lim P, ({Z0(p,ci,,00,) 20> —Z}(—p,c,,0,)} N {Wi, (01,) #0})

n— oo -

- P, ({W,(61,,) #00 Vi, (61,,) = 0})
> lim P’Yl ({ZZ(pv Cln7eln) >0> 725(7177 Clnaeln)}) -n

n—00

> lim Pﬁl ({Z D, Ch lnveln) 202> _Z}F:(_pv C’L,ln7eln)}) —-n= 1—a- m, (A32)

n— oo
for n sufficiently large where the fourth inequality follows from {Wzn (61,) # (Z)} = Ay, U {I/Vln (61,) #
0NV, (61,) = @} and Lemma B.3 and the fifth inequality follows from the fact that ¢, > cp,n» with probability
approaching 1 by Lemma B.2 and that Zf(p,ci,,,0:,) > 0 > —Z(—p, ci,,, 6, implies Wy, (6;,,) # 0. Since n
is arbitrary, we then have

Jim Py, ({s(p, Vi, (61,,)) > 0> —5(—p, V1, (61,,)) } N Azp) > 1 —c. (A.33)
The conclusion of the lemma now follows from (A.27), (A.28),(A.29), (A.31), and (A.33). O

PROOF OF THEOREM 3.2 To establish the result, observe that for any given 6 € © the event

2% (0 R
_max {M + gj,n(e)} <c (A.34)
Jj=1,...,J On,j
implies the event
2% (0 R R
sup p'A: max {M + Dy i (0)X + Cj,n(e)} <cp>0. (A.35)
AepBy j=1,...,J On,j
. . VI (0) : o .
This is so because if man:Lm,J{ 5 +¢in(0 )} < ¢, then due to (;»(0) < 0, A = 0 is feasible in the

outer maximization problem in (A.35), hence the value of (A.35) is greater than or equal to p’0 = 0. In turn
this yields that &, < ¢,
(I

B Main Lemmas

Fix p > 0 as discussed in Section 3.4. In all Lemmas below, « is assumed less than 1/2. Throughout, ha is

as defined in equation A.2.

LEMMA B.1: Suppose Assumptions 3.1-3.4 hold. Let ¢, be defined as in (A.16). If he < K1/5, it follows
that

lminf Jof  fnf, PO0 € Cl) 2 Hmind il ol P(s(0,Un(0) 202 =s(, Ua(®)- - (B)
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If e > Ii»}/57 it follows that

liminf inf inf P(p'0 € CI,)
n—oo PEP €O (P)

n—r00 n—r00

> mm{hmmf};relg P(s(—p,Un(6,)) > 0), hmmf}yelg) P(s(p,Un(6;)) > 0)},

for each 0% € H(—p,01(P)) and 6% € H(p,0;(P)).

LEMMA B.2: Suppose Assumptions 3.1-3.4 hold. Let é, be defined as in (A.16). Let T(P) = 90:(P) if
he > /#/5, and Y(P) = ©7(P) if by < /o Then, there exists a sequence {c, : © = Ry ,n=1,2,---} such
that (i) ¢n(0) > cn(0) with probability approaching 1 uniformly over {(P,0) : P € P,0 € Y(P)}; (ii) for all
PeP,ca(0) <M for all 6 € © for some M > 0; (iii) for any e,n > 0, there exists N € N such that

sup sup P( sup len(8) — ca(0)] > €) <n, ¥Yn>N; (B.2)

PeEPOeY(P)  ¢/c(9+n—1/2pB4)NO

() for any e > 0, there exists N' € N such that infpep P(cn(0) > ¢}, ,,(0),V0 € ©) > 1 —¢ for alln > N'.

LEMMA B.3: Suppose Assumptions 3.1-3.4 hold. Let Y(P) = H(p,©:(P)) if h% > k! ®, and T(P) =

Or(P) if h2 < k>, Then, (i) for any m, there exist 6 > 0 and N € N such that

sup sup PAWa(0) # 0} n{(W,°(0))° = 0}) <n, ¥n > N (B.3)

(i3) Furthermore, for any n > 0, there exists a N € N such that

su17:>) su%) )P({Wn(H) 20N {V,(0) =0}) <n, Yn > N. (B.4)
PEP 6T (P

LEMMA B.4: Suppose Assumptions 3.1-3.4 hold. Let Y(P) = H(p,©:(P)) if h% > kl®, and T(P) =

Or(P) if h2 < ka/®. Then, (i) for any m, there exist 6 > 0 and N € N such that

sup sup P({Wa(6) # 0} N {Va(0) # 0} N {(V°(0))° = 0}) <n, Yn > N. (B.5)

PEP 0T (P)

(i1) Furthermore, for any n > 0, there exists a N € N such that

13316117)) 9:;1})}3) P{W,(0) # 0} n{Vn(0) #0}N{U.(0) =0}) <n, ¥n> N. (B.6)

LEMMA B.5: Suppose Assumptions 3.1-3.4 hold. Let Y(P) = H(p,©:(P)) if h3 > ‘%11/5) and Y(P) =
Or(P) if s < n,ll/s. Let ¢, : © — R4 be such that for all P € P, cn(0) < M for all 6 € © for some M > 0,
and for any €, > 0, there exists N € N such that

sup sup P*( sup len(0) — cn(0)] > €) <m, Vn > N. (B.7)
PeP geY(P) 0’c(0+n—1/2pBy)NO

Then, for any €,n > 0, there exists N € N such that
sup sup P*({]s(p, Un(6)) = s(p, Va(9))| > ¢}
PEP 0T (P)

NAWa(0) 200 Va(0) £0NU(0) £0}) <n, ¥Vn>N. (BS)
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LEMMA B.6: Suppose Assumptions 8.1-3.4 hold. Let Y(P) = H(p,©:(P)) if h3 > ki/®, and T(P) =
Or(P) if he < ki/®. Let cn : © — Ry be such that for all P € P, cn(0) < M for all 0 € © for some M > 0,
and for any e, > 0, there exists N € N such that

sup sup P*( sup len(0) — ca(0')] > €) <m, Vn > N. (B.9)
PeP oY (P) 0'e(6+n—1/2pBy)NO

Then, for any e,n > 0, there exists N' € N such that

sup sup P*( sup | max ujne(A) — max vj,e(N)]>e€)<n, Vn> N (B.10)
PEPOET(P)  AepBgnym(0—) I=Ld g=Leed

LEMMA B.7: Let ¢, be defined as in (A.15). Suppose that Assumptions 3.1-3.4 hold and that for all P € P,
cn(0) < M for all 6 € © for some M > 0. Let Y(P) = H(p,©O(P)) if h& > k/®, and T(P) = 0:(P) if

S < K5, Then, there exists a ¢ > 0 such that liminf, . infpep infgey(p) cn(0) > c.

LEMMA B.8: For each n and for each 0 € ©, é,(8) > ¢,(0), P — a.s. for any P € P.

LEMMA B.9: Suppose Assumptions 3.1-8.4 hold. Let Y(P) = 00;(P) if h2 > r/®, and Y(P) = ©,(P)
if h < ki/?. Then, for any e > 0,

limsup sup sup P (|é,(0) — cn(0)] >€) =0. (B.11)
n—oo PEP OeY(P)

LEMMA B.10: Let ¢, be defined as in (A.15). Let Y(P) = 991(P) if h5 > k/®, and YT(P) = O1(P) if
R < kY/®. Then, (i) For all P € P, ¢,(0) < M for all 6 € © for some M > 0; (i) For any e¢,n > 0, there
exists N € N such that

limsup sup sup P( sup len () — cn(07)] > e) <mn, VYn>N. (B.12)
n—oo PEP OEY(P) 6’€(6+n=1/2pBy)NO

LEMMA B.11: Suppose Assumptions 3.1-3.4 hold. Let Y(P) = H(p,©r(P)) if h% > ki!®, and Y(P) =
Or(P) if Ry < k%, Consider sequences such that for 0, € Y(Py,), for each j = 1,...,J1, kn hpjn(0n) —
m; € [—00,0]. Define 7" ={j=1,---,J:7m; € (—00,0]}. Then J* is non-empty.
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B.1 Proofs of Lemmas

PROOF OF LEMMA B.1: Consider first the case hy < rs/®. Note that for any n, the following relations hold:

p'0, € CI,
< = S(_p7 Cn(én)) S p/en S S(p7Cn(é"))

/
sup —p'vY /
<~ MMy 5 > - 0”
{s.t.ﬂe@, Wgcn(ﬂ),j—l,...,.]}_ P

/
supp'd ,
N T >pon
{s.t.ﬁé@, W<cn(ﬁ)7j—1,...,J}p
{ SUP e m(@—0,) —P' A
t

VI g (0n+A/ V) . >0

A SUP )¢ /m(@—0,) D' A -0

f _n,'(en"‘)‘/f) s - bl

s.t.%ﬁcnwnﬁ-)\/\/ﬁ), j=1,...,J
SUP e /m(0—0,)npBy —P' A

= VA T (On+ X/ /) . } >0

/
SUP e /m(©—0,)npBy P A
n VA (On A/ /) ‘ >0, (B.13)

where the one sided implication in the third row follows from Lemma B.2-(i), and the last one sided implication
follows from the addition of the p-box constraints. In (B.13), A is constrained to be in /n(© — 6). By
Assumption 3.3 (iv) and p/v/n — 0, for any sequence 6,, € O,

pBaN/n(© —0,)=pBqg, (B.14)

for all n sufficiently large. Hence, in what follows, we make the requirement A € /n(© — 6) implicit whenever
we consider pBq N /n(© — 6,). It then follows, defining ~;,,, 6;,, as in the proof of Theorem 3.1, that

Poy, (001, € CL) > Py (5(p, U, (61,)) > 0 > —s(—=p, U1, (01,)))

Consider now the case that h2 > r/°. Let again (P, ,0,) € {(P,0) : P € P, § € ©;} be a sequence of

distributions such that

. / 1 . . . /
nh_}rr;o P, (pb0,€CIl,) = hnrr_1>1£f Pl'relgn oeganlf(P) P(p'0 € CI,). (B.15)

Parametrize the corresponding value of p'6,, as

/ ha
pOn = —5(—p,0r1(P,,)) + §n7%
hA
= P. —(1—gn)—2,
S 01(P)) (1= 5) M2

where ¢, € [0,1]. To simplify notation, in what follows we omit the subscript n from ¢, and we write O for
O7(Py, ). Then we have

Py, (p'0n € CI,)

=P, (=5(=p,Cn(8n)) < p'0p < 5(p,Cn(én)))
=Py, (=s(=p,Cn(én)) < —s(=p,O1) + c\h/—% < 5(p,Cn(én)))

—P Cnlé ) i <0< s(p,Co(é S 1 iy B
=P, (= (5(=p,Cn(én)) — s(—p, I))—<ﬁ_0_8(p7 n(En)) — 8(p,O1) + ( _c)ﬁ) (B.16)
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The event inside equation (B.16) can be expressed as follows

Cn(Cn)) > o (P hn Cn(én)) > O:(P i
{8(p.C0(@)) 2 52 O1(P)) ~ 5 T N 5(p.Calen)) = s(p. O1(P)) ~ (1 =) U

sup —p'd > 5(—p. ©1) ha
- NMy, § . - - -
s.t.9 €O, Mgcn(ﬁ)ﬂzl,.uﬂf ATP B g\/ﬁ

&n,,j(lﬂ
/
sup p’d ha
N . >s(p,Or) — (1 —¢)—=
{s.t.ﬁE@, Wﬁcn(ﬂ),jzl,...,J}_ (p,©1) = ( g)\/ﬁ
SUPg, x) —p'A > ghL\‘
f _n."(0+>\ \/7) . =
s.t.0 € H(—p,Or), %Scn(e—i—)\/\/ﬁ),]:l,...“] n
/
SUP(B,A)pA A
n Vo mg, i (04+X//1 . > 7(1 - <)h“n7 (B17)
{s.t.e € H(p,0;), W <en(@+N/n),j=1,...,J
/
SUPje,B, —p'A A
<= 0 > —ch
Vg, (0, +2/ V) . = n
{supAe 5, P'A
N ped (62 }> —(1—<)h% (B.18)
vn Moy (07 +X/\/n) 2 . = n
s.t. WSCTL(97L+)‘/\/H)7J7177J

where the one sided implication in the second line follows because uniformly in 0, é,(6) > ¢, (6) by Lemma B.2,
and the last one sided implication follows from the addition of the p-box constraints, and picking sequences
0r € H(—p,Or) and 62 € H(p,O1). Recall that b5 > f#/s, and that the value of each program in B.18 is
bounded in direction p by \/Ep, and in direction —p by —\/Ep. Because h4 is diverging to infinity, we have
that the above probability is minimized for ¢ € {0, 1}, yielding the claim.

O

PROOF OF LEMMA B.2: By Assumptions 3.1-3.4, (i) follows from Lemmas B.8 and B.9. (ii) and (iii) then
follow from Lemma B.10. (iv) follows from (A.10)-(A.11), (A.14)-(A.15), and hpjn < Cp,jn for all j. O

PROOF OF LEMMA B.3: We first show (B.3). Let 8 € T(P) be given. By Theorem 22.1 in Rockafellar (1970),
a solution to the system of linear inequalities defining W, (0) exists if and only if for all x € ]Rf'Qd such that
W Kp(0) =0, one has p'gp(0) > 0, with gp(0) the J + 2d x 1 vector with components
gpr,;(0) = cn(0) = Gp;(0) —hpjn(0), j=1,...,J (B.19)
gri(0)=p, j=J+1,...,J+2d (B.20)

where hpjn(0) =0 for j = Jy +1,---,J. By Theorem 22.2 in Rockafellar (1970), a solution to the system of
strict linear inequalities (which in turn define (W, %(6))°)

Gp;(0) 4+ Dp;(0) A+ hpjn(0) <ca(d) =6, j=1,...,J, (B.21)

N <p—=96,j=J+1,...,J+d, (B.22)

A <p—6 j=J+d+1,...,J+2d, (B.23)

exists if and only if for all g € R7"*? such that p # 0 and 1/ Kp(0) = 0, one has 1/ (gp(0) — d1424) > 0,

where 17424 is a J + 2d-dimensional vector of ones. Define

MO) = {p e R W Kp(0) =0}, M) ={pecR™: u#0,u/Kp(0) =0} (B.24)
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Then, one may write

POWa(6) # 00 (W (6))° = 0) = P({1gr(8) > 0, € M(B)} 1 {1 (gr(6) — 61y520) > 0,¥u € M(8)}°)
P({e'grp(0) > 0,Yp € M(0)} N {1 (gp(0) — 611424) < 0,3p € M(6)})

P({i/'gp(0) > 0, € M(0)} N {1/ gp(0) < /15424, 3 € M(0)}).
(B.25)

Note that the set M(G) is a (possibly unbounded) non-stochastic convex polyhedron. Hence, by Carathéodory’s
theorem, there exist {v* € M(0),t =1,--- , T} with T < J+2d+1 such that any u € M(0) can be represented

as

T
W= Zatyt, (B.26)
t=1

where a; > 0 and 23:1 ar = 1. Hence, if p € M(G) satisfies 1'gp(0) < §p'17424, we have

T

T

Zatl/égp(ﬁ) < §Zat1/£1J+2d, (B.27)
t=1 t=1

However, due to a; > 0, Vt, Zthl a; =1, p # 0, and v* € M(0), this means v gp(0) < 61124 for some

t € {1,...,T}. Furthermore, since v* € M(#) C M(6), we have 0 < v*gp (). Therefore,

P({i/'gp(0) > 0, € M(0)} N {1/ grp(0) < 5plst2a,3p € M(0)})

v'gp(0)

< §). B.2
th]-J+2d_§) (B.28)

T
< P(0 < vugp(0) < dvilyiea, 3t € {1,--- ,TH <D PO <

t=1
Suppose for the moment that there are no moment equalities and J = J;. Consider first the case that v/*

assigns positive weight to at least constraints in {J+1,...,J+2d}. By choosing § < p we obtain v 9p(0) > 4.

vt1y 104

Consider now the case that ' assigns positive weight also to constraints in {1,...,J}. By (B.19), for
~ tr
any given v' € M(6), :t,fi(z()l is then a normal random variable with variance (v"'1;424) 21, Qp(0)v". By

Assumption 3.2 (iv), there exists a constant w > 0 that does not depend on 6 such that the smallest eigenvalue

of Qp(#) is bounded from below by w for all §. Hence, letting || - ||, denote the p-norm in R'*2¢, we have
/ t t)12
NkQP(GQ)V > el > Y (B.29)
l[v1% (J+2d)|wt]l5 — J+2d

Therefore, the variance of the normal random variable in (B.28) is uniformly bounded away from 0, which in
turn allows one to find § > 0 such that P(0 < :;’19751(26)1 < 6¢) < np/K. This ensures (B.3) when no moment
equalities are present.

For the case where moment equalities are present, the same conclusion holds. If v* assigns positive weight
only to constraints in {J + 1,...,J 4 2d} the same conclusion as before holds. We therefore consider the

case that v*

assigns positive weight to at least one constraints in {1,...,J}; to further simplify notation, we
assume that v’ assigns zero weight to constraints in {J + 1,...,J + 2d}. Recall that the moment equalities
have indexes j = J1 + 1,...,J1 + J2 and are each written as two moment inequalities, therefore yielding a

total of 2J2 inequalities with:

DP,]'+J2(9) = —DP,]'(Q) forj:J1+l,...,J1+J2,
gp,j(G) = Cn(a) — prj(e) for j=J1+1,...,J1 + Jo, (B30)
gpits,(0) = ¢n(0)+Gp(0) forj=J1+1,...,J1+ Jo.

For any € M(6), (B.30) implies

J1+2J2 J1+J2 J1+J2
> wigri0) =cal0) D (s pien)+ > (= pi+0)Gry(6). (B.31)
j=J1+1 j=Ji+1 j=Ji+1
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For each j =1,---,J1 + Ja, define

vt j=1,---,J
=" ! ' . (B.32)
I/;—I/Jt'%]z j=J+1,-- i+ Jo.

We then let 7" = (71, , 0%, 5,)". Then, one may write
J1+J2 J J1
VWap(0) = > 5iGpi(0) +ca(0) Y vi+ Y vihp;a(0). (B.33)
j=1 j=1 j=1

Suppose #* # 0. Then, by (B.33), Assumption 3.2 (iv) and arguing as in the case without moment equalities,
there exists § > 0, P(0 < "“gip(ei < 6) < n/K. Now, consider the case 7 = 0. Since v' € M(6), this occurs

DL

only if v} =0 for all j = 1,---,J1 and v} = pjyy, for all j = Jy +1,---,J1 + Jo, while v > 0 for some
j=Ji+1,---,Ji + J2. Then, by (B.33) and Lemma B.7, we have

tr cn (0 ‘,I_ vt
14 gp(G) _ ( )‘;],1 _ Cn(e) Z ¢>0. (B34)
l/tllJJrzd Zj:l I/;-

Hence, letting § < min{¢, p}, we have P(0 < % < §) =0 < n/K. Thus, by (B.28), it follows that
P(W,(8) # 0N (W, °(8))° = 0) < n uniformly on {(#, P) : § € Y(P), P € P}. This therefore establishes (B.3).

We now show (B.4). Suppose that (W, °(6))° # 0 for § > 0. By Theorem 2.8.2 in van der Vaart and
Wellner (2000), Gp,,, weakly converges to Gp uniformly in P € P. We take a Skorkhod representations of Gp
and Gp, and denote them by Gp and G} ,,. Then, G}, — G with probability one. Since the constraints

are linear, there exists NV € N that does not depend on 6 such that:

Sup IGP,;(0) + Dp;j(0)'A + hpjn(0) + cn(0) = Gpjn(0) — Dp;(0)'A = hpjn(0) — cn(6)]
a
= |Gp,;(0) — Gp n(0)] <8, ¥n > N, as. (B.35)
Therefore, for any 8 € (W, °(8))°, we have
cn(0) > 6+ Gp;(0) + Dp;(0) + hpjn(0) = Gpjn(0) + Dp;(0) + hpin(0), (B.36)
and hence (W,;%(6))° C V,.(6) for all n > N with probability 1. This leads us to conclude that for any 7 > 0,

sup sup P((W,°(0))° #0NnV,(0) =0) <n/2, ¥n> N. (B.37)
PEP 0T (P)

By (B.3) and the triangle inequality, it then follows that

sup sup P(W,(0) # 0N V,(0) =0)

PEP 0€Y(P)
< sup sup {P(Wa(60) # 00 (W, °(0))° = 0) + P(W,°(6))° # 0N Vi) = 0)} <n.  (B.38)
PEP 6T (P)
for all n sufficiently large. This establishes (B.4). O

ProOOF OF LEMMA B.4: For any 4,1 > 0, there exists N € N such that

sup sup P({Wa(6) # 0} N {Va(0) # 0} N {(Vi°(6))" = B})

PEP 0T (P)

<sup sup P({Wa(0) # 0} 0 {(W,*/2(0))° = 0} 0 {Va(6) # 0} N {(Vis *(9))° = 0})

PEP 0eT(P)

+sup sup P({Wa(6) # 0} N {(Ws¥/2(0))° # 0} N {Va(9) # 0} N {(Vi *(9))° = 0})

PEP Y (P)

< sup sup P({Wa(0) # 0} 0 {(W,*/2(0))” # 0} N {Va(0) # 0} N {(Vi°(0)° = 0}) +n/2,  (B.39)

PEP 0T (P)
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for all n > N, where the last inequality follows from Lemma B.3 (i) and

P({Wa(0) # 0} N {(W,*/%(6))° = 0} N {Vaa(6) # 0} N {(Vi *(9))° = 0})
< P({Wa(0) # 0} N {(W,,*/%(6))° = 0}).  (B.40)

Furthermore,

P({Wa(6) # 0} N {(W,*/2(0))” # 0} N {Vaa(0) # 0} N {(Vi°(9))° = 0}
P{(W72(0))7 # 03 0 {(Vi*(0))7 = 03) = P(W;~2(0))° # 0} (Vi ™°(9))° = 0}),  (B.41)

where W), and V; replace Gp and Gp, in (A.25)-(A.24) by their Skorokhod representations G and Gp,,.
Arguing as in (B.37), it follows that there exists N’ € N that does not depend on 6 such that (V;;>=%(0))° C
(W, °’2(6))°,¥n > N’ P — a.s. Hence,

P({(W, */2(0))° # 0} N {(V, °(0))° = 0}) < /2, Yn > N". (B.42)
The first conclusion of the lemma then follows from (B.39)-(B.42).
For the second claim, note that for any 6,7 > 0, there exists N € N such that
sup sup P({W,(0) # 0} N {V,(0) £ 0} N {U,.(0) = 0})

PEP 0eY(P)

< sup sup P({Wa(6) # 8} 0 {Va(6) # 0} N {(Vi*(6))" # 0} N {Un(6) = 0})

PEP 0eY(P)

+sup sup P({Wa(6) # 0} N {Va(0) # 0} N {(Vi*(6))" = 0} N {Un(0) = 0})

PEP OeT(P)

< sup sup P({(V;7*(6))" # 0} N {Un(9) = 0}) + /2 (B.43)

PEP 6€Y(P)

for all n > N, where the last inequality follows from the first claim of the lemma shown above. By (A.18)-
(A.19) and (A.21)-(A.22), one may write

(Vi 5(9)) ={\€pnBa:vjne\) <=0, j=1,---,J} (B.44)
Un(0) = {X € pBa: ujne(A) <0, j=1,---,J}. (B.45)

Define the event
An(0,P) = {(V,,°(0))° C Un(0)}. (B.46)

Then, by Lemma B.6, for any 1 > 0 there exists a N’ € N such that

i inf P(A.(0,P))>1—n/2 > N'. B4
ﬁlé%eel?(p) (An(0,P)) > 1—n/2, Vn > (B.47)

Note further that {(V,;°(8))° # 0} N {U.(#) = 0} N A, (6, P) = { by the definition of A, (6, P). Hence,

sup sup  P({(V,*(6))” # 0} N {Un(6) = 0})

PEP 0T (P)

< sup sup {P({V;7°(9))° # 0} N{Un(6) = 0} N A (6, P)) + P(Aa (0, P))} < /2, ¥n > N', (B.48)

PEP oY (P)

where the last inequality follows from (B.47). The second claim of the lemma the follows from (B.43) and
(B.48). O

ProoF oF LEMMA B.5: For each 0, let

Cn(0) = sup | max {ujne(A)}f “max {vjne(A\)}. (B.49)
ANepBynym(©—0) I=1r =1, ,J
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By Lemma B.6, for any ¢,n > 0, there exists N’ € N such that

sup sup P((n(0) >¢€) <mn, ¥n > N'. (B.50)
PEP 0T (P)

Next, suppose that for some & > 0, (W, °(0))° # 0 so that (V,,(6))° # 0. Then, we have

=cl({\ € pBS : Gpjn(0) + Dpj(0) X\ +hp;n(0) <c(8), j=1,...,J}), (B.51)
since V,,(0) and (V,(0))° are polyhedral sets.
Define the function
Pn(e) = [s(p, (Va(0)) — s(p, {A € pBa : vjn,0(A) < el Dp;(0)],5 =1,..., J}. (B.52)

For the moment, suppose that {\ € pBg : vjn,0(A) < e||Dp;(0)],7 =1,...,J} # 0. By Lemma C.1 (whose
assumptions are verified in Appendix C.1 and C.2) and Theorem C.2, uniformly in P € P with probability at
least 1 —7/2, there exists a M,/ and N € N such that for all n > N,

6n() < (J + 2d) My el (B.53)

Arguing similarly to the proof of Theorem 2.1 in Molchanov (1998), we have that

M

Un(6) 0 pBa C {A € pBa: vy < Ca(@) 12RO 5y ,J}, (B.54)

because for each j = 1,---,J, {ujn,e(A)} < 0 implies v;.n,0(A) — (u(0)||Dp,;(0)||/M < 0 by Assumption
3.3-(i), and therefore

5(p, Un(0)) < s(p, Va(0)) + ¢n(Ca(6)/M). (B.55)
If for some § > 0, (V,,°())° is non-empty, we have that for n sufficiently large, {\ € pBa : vjn0(\) <
—Ca(9)|Dp(0)||/M, j=1,---,J} is non-empty. Hence,
s(p, Vau(0)) < s(p,AX € pBa : vjn0(N) < =GO Dp; (O)I/M, j =1,---,J}) + ¢n(Ca(0)/M)
< 5(p, Un(0)) + én(¢a(0)/ M), (B.56)
where the first inequality follows from the definition of ¢,,, and the second inequality follows from the definition

of (n, because for each j = 1,...,J, vjne0(A) + (u(0)/M < 0 implies ujn9(A) < 0. Hence, we have that
uniformly in P € P with probability at least 1 — /2, there exists a M, ,» and N € N such that for all n > N,

(J +2d)M,

|5(p, Vi (8)) — 5(p, Un(8))] < ¢ (Cn(6)/M) < i 26,.(60). (B.57)

Finally, for any € > 0, there exists N1 € N such that N; > N that does not depend on P € P or § € T(P)
such that

P* ({152, Un(0)) = s(p. Va(O)] > &} 1 {Wa(0) £ BN Va(0) £ 00 Un(6) # 0}

< P* ({Is(p, Un(6)) = s(p, Va(0))] > ¢} (B.58)
NAW(6) # 01 Va(6) £ 0N Ua(6) £ B} N {(Vi(6))° # 0})
+ P ({Wa(0) # 0} N {(V;*(0))° = 0}) <, Vn > N. (B.59)

where the last inequality follows from (B.50), (B.57), and Lemma B.3. This establishes the claim of the

lemma. O
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PROOF OF LEMMA B.6: The function u;n,6(A) can be written as
(X004 M) — Bplmy (X0 AR Bl (X004 Ay .
() = 5,0+ AV YN R
={Gpjn(0+2/Vn) + Dp;(O0) X+ hpjn(0) (1 + 00 (0 + X/vn)) — a0+ X/ V1), (B.60)

where 1j.,(0) = op,;(0)/5;(0) — 1. The second equality follows from the mean value theorem, and 6 represents
a mean value between 6 and 6 + \/y/n, which can differ across components of the gradient.
Let (Pa,,,0a,) € {(P,0): P € P,0 € T(P)} be a subsequence of distributions such that

lim P ( sup | max uja,,, () — max vjne,, (N)]>e€)
n ANEpay, Banay, (O—6,,) I=1 G=tesd
= limsup sup sup P*( sup | max wujne(A) — max vjne(A)|>e€). (B.61)
n—oc PEP QT (P) AepBgnym(@—0) I=1J g=1,0,J

By passing to a further subsequence {my}, for each j, we have either (i) ;.\ hp jm, (Om,) — 7 € (—00,0]
or (i) kKt hpjmn (Om,) — mj = —c0. Define J* = {j =1,---,J : m; € (—o0,0]}. By Lemma B.11, J* is
non-empty.

Define the event

A, = {maxu;ne,(A\) = max ujne,(\), and max vjne,(A) = max vjn.e,(A), YA € pBaNv/n(O —0,)}.
JjeJ* < J JET* v J

g=t J=1,-,
(B.62)
One may then write
lim P, ( sup | max Ujm,6,,(A)— max vjng,. (A)]>e)
e AEPBANYT, (O—0p,,) T=1 ) G=1T
< lim Py, ( sup | Max wjm, 60, (\) — Max v 00, (N)| >€) + P (A5,). (B.63)
noree AEPByN/,, (O —b0m,,) IE€T7 JeT”

Note that .0, (\) can be written as in (B.60), and vj n,0(A) = Gpj,n(0) + VoDp ;i (0)' X+ hpjn(0) — cn(6).
Hence, ujn,0,(A) = Op(1l) + O(1) + O(hpjn) and vjne,(A) = Op(1l) + O(1) + O(hp,»n) uniformly in
A € pBaN+/n(0 — 6,), where we used that ¢, () < M. However, hp;, — —oo for all j ¢ J* at a rate faster
than ky, which in turn implies P, (A5, ) — 0. Therefore, for the conclusion of the lemma, it suffices to show
limn oo P, (SUPxe B 0y, (0—01m, ) | MAXGET* Ujimn O1m,, (A) — MAXj€T* Vim0, (A)] = €) = 0.

For each A € R?, define 75,n.6(\) = ©jn.0(A) — vjn.6()). By the triangle and Cauchy-Schwarz inequalities,
for any 6 € © and A € pBq N /n(0 — ), we have

750,06 M) < [Gpjn(0 +A/Vn) = Gpjn(0)] + [[Dp,;(0) — Dp i (O)[IAll + [ca(6 + X/ V1) — ca(8)]
+1Gpjn(0 +X/vVn) + Dp;j(0) A+ hpjn(0)njn(0 + A/ v/n)
<Gpjn(0+ A/ V1) = Gpjn(0)] + 0p(1) + 0p(1) + {Op(1) + O(1) + |hp . (0)})Op(n™V?),  (B.64)

where the last inequality follows from ||Dp;(0) — Dp;(0)]|| = op(1) by the Lipschitz continuity of Dp;
(Assumption 3.3-(ii)) and @ being a mean value between 6 and 6 + A//n, ||| < p, the equicontinuity
assumption on ¢y, || Dp,;(0)]|| being uniformly bounded (Assumption 3.3-(i)), and supyce [15,n(0)] = Op(n~'/?)
by Assumption 3.3-(iii).

By (B.64), the uniform stochastic equicontinuity of {Gp .} (Assumption 3.4), we have

sup | max wjm,,,0,,,, (A) — MaxX vjn0,,, (N
AEpByNm, (O—0m, ) I€T° ! jeg= '
< sup max [15,n.0,., (\)| = 0p(1) + max |hp,, . jm,(Om,)|Op(n~"/?) =o0p(1), (B.65)
XEpByN/m,, (©—0m,, ) I€T ies

where the last equality follows from hp,,  jm, (0m,) = O(kn) for all j € 7" and kn/n'? = 0. The conclusion
of the lemma then follows from (B.61), (B.63), and (B.65). O

[33]



Proor orF LEMMA B.7:
Recall that ¢, (6) is defined as the smallest ¢ such that Pr(ZS(p,c,0) > 0 > —Z%(—p,c,0)) > 1 — a.
Observe that ¢, (#) is lower bounded by the smallest ¢ such that Pr(Z$(p,c,8) > 0) > 1 — a, where

Zi(p.e0) = sup{pA: Dry(0)A+Cus(0) < = Gry(6).j =1, J | (B.66)

We work with this one-sided ¢ below. With abuse of notation, we denote this one sided ¢ by ¢, (0).
Here, {Gp,;(0),j = 1,---,J} jointly follows N(0,Q2p(#)). Note that ¢, depends on P through Qp, Dp,
and C,,,;(0) = ©* (k5 '/nEp(m;(0))/op,;(0)). To show its dependence on P, we write it as ¢, p(#) below. Let

¢ =liminf inf inf ¢, p(0). (B.67)
n—oo PEP OCY(P)

In what follows, let {a,} be a subsequence of {n} such that

lim ca,,pP,, (fa,) =¢C. (B.68)

Ay —>00

This subsequence exists because ¢, (f) < M. Let {l,} be a further subsequence such that for some (2, D, h, () €
R7*7 x R x (R_ U {—00})” x (R- U {-c})’,

Qp, (61,) =, Dp, (61,) = D, hi,(61,) — h, and ,, (61,,) — . (B.69)
Define
Z%p,c) = sup {p’A €pBa: DN+ <c—Wjj=1,.., J}, (B.70)

where W;,j =1,---,J jointly follow N(0, Q).
We proceed below by taking the following steps.

Step 1: The claim of this step is that min{c > 0: Pr(Z%(p,c) > 0) > 1 —-a} <é.
For each n, let W, ~ N(0,Qp, (6:,)). Then, one may write

25 (p.c,00) £ 2,7 (pe.01,) = sup {PA € pBa: Dy 5 (01,)' A+ G (601,) S = Wiy 5= 1,0, T}
(B.71)

By (B.69), the characteristic function of W;, converges pointwise to that of W. By Lévy’s continuity theorem,
it then follows that W, 4 V. Take Skorokhod representations W} , W* of W;, and W such that W} LW,
Let c;,, be an arbitrary sequence such that ¢;, — ¢*. Then, by (B.69) and Lemma C.1 (whose assumptions
are verified in Appendix C.1 and C.2), it follows that Z?ZZ“ (p,ci,,0,) =5 2% (p,¢*). This and (B.71) in turn
imply that

25 (e 00) 5 27 (0,7, (B.72)
Therefore, we have

limsup Pr(Z (p, c1,,,01,) > 0) < Pr(Z2" (p,c*) > 0). (B.73)

lp—00

Now take ci,, = ci,,,p, (01,) in (B.73). Then, by (B.68) and (B.73), we have

1—a<Pr(2¥(p,c) >0). (B.74)
Hence, min{c > 0: Pr(Z%(p,c) >0) > 1 —a} <é
Step 2: The claim of this step is that there exists ¢ > 0 such that min{c > 0: Pr(ZW(p, c)>0)>1—-a}>c
We further divide the argument in cases. Let K be the (J + 2d) X d matrix collecting in the first J rows the

matrix D, and below it the matrices Iy and —I;. We liberally use the fact that dropping constraints estimates
Z%(p, c) from above and therefore ¢ = min{c > 0: P(Z"(p,c) > 0) > 1 — a} from below.

Case 1: 6, € H(p,O:(P,,)).
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Because 0;, € H(p,©1(F,,,)) for all n, there exists a sequence of non-empty sets J(6;,,) C {1,---,J} such
that J(6:,) = {j € {1,--,J1 + 22} : G,.j(01,) = 0}. Note that J(6;,) is a subset of a finite set for all n.
Hence, there is a further subsequence {kn} of {l,} and J* C {1,---,J} such that J(0k,) = J* for all n.
Hence, Ck,,;(0k,) = 0 for all n and j € J*. Then, by (B.69), it follows that ¢; = 0 for all j € J*.

Let A(K*,g*", ¢) denote the constraint set of the problem defining Z% (p,¢) corresponding to j € J*,
with g;W = -W; _é:j forj e J*n{1,...,J}, and g;w =pforje T n{J+1,...,J+2d}, with A(-,-,")
is defined in equation A.9. For any equality, at most one of the corresponding inequalities constrains the
value of maxyea(x+,0,0)P’'A. Remove one inequality that does not constrain this value. Observe that after this
simplification, A(K™,0,0) cannot lose dimensionality due to containing equalities but only due to inequalities

intersecting on a subspace.

Suppose first that A(K™*,0,0) has a non-empty interior.

Consider the cone {A : DA < 0,5 € J"}, which is a superset of A(K*,0,0). By the lower bound
on gradients, A = 0 solves maxyeca(x*,0,0) P’ A. This requires that a Karush-Kuhn-Tucker (KKT) condition
applies at A = 0. Define a set J C J* such that

p=>_ Dju;, andp; >0,¥j€J, (B.75)
Jj€T
and no strict subset of J satisfies (B.75). By the definition of 7, {D;,j € J} are linearly independent.

Consider first the following special case: C::j = 0 for all j in J and fj = —oo otherwise. Let D7 be a

#J x d matrix that stacks {D},j € J}. Similarly, let Q7 be the correlation matrix of {W;,j € J}. In this

special case, one may then write

2%(p,c) = sup{pA\:DA<c—-W;,j€T}, (B.76)
By KKT, the optimal value in (B.76) is bounded, and the problem above is solved (not necessarily uniquely)
by A*(c) = D7 (Ds D7) ' (c-17 — W), where 17 is a #J x 1 vector of ones. Thus, by (B.75), the problem’s

optimal value is given by Z%(p,c) = uls(c- 157 — W), where ps is a #J x 1 vector that stacks uj,j € J.
This object is distributed as N(cu's17, u'7Q717). Hence, letting p = py/ ||pns||, we have

min{c > 0: Pr(Z2"(p,c) >0)>1—a}

=& (1= a) x \/psQupy/ (rl) =07 (1= ) x VpQup'/ (p1) = &1 = ) X Amin(27)"?/d.
(B.77)
By Assumption 3.2 (iv), there exists a constant ¢ > 0 that does not depend on 6 such that the smallest
eigenvalue of Qp(6) is bounded from below by € for all § and P € P. Define ¢ = ® (1 — ) x €'/2/d. Then,

the conclusion of this step follows for the special case.

In general, Z% is given by
Zw(p, c) = sup {p/)\ :D;)\ <c-Wj;, jeJ,
Dix+{;<e—W;, j¢ T}, (B.78)
where {; € R_ U {—oco} for j ¢ J. Note that adding the constraints with j ¢ J weakly decreases Z" (p, c)
and therefore weakly increases min{c > 0 : Pr(Z¥(p,c) > 0) > 1 — a}. Hence, c is also a valid lower bound

for the general case.
By (B.67) and Steps 1-2, it then follows that

liminf inf inf Cn

6)>e>0. (B.79)
n—oco PEP HcH(p,O;(P))

Suppose now that A(K™,0,0) has no interior, i.e. is lower dimensional.

[35]



Remove constraints until left with an irreducible set C containing d < d constraints s.t. {Déx\ < 0} has
dimension strictly less than d. (Irreducibility means that for any index set C* C 5, the cone {DC*)\ < ()}
is of dimension J) Without loss of generality set C = {1,..., J} For {D[l”ﬂ)\ < 0¢ to be lower dimensional,
the hyperplane {D[‘ﬂ/\ = 0} must separate the halfspace {D[J])\ < O} from the cone {D[LJ_H)\ < O}. Hence,
any element of {D“"LI])\ = O} minimizes D@\ subject to pld=1ly < 0. As this minimum is attained, it is
characterized by a KKT condition, thus Dl — w (fD[“‘lLl]) = f,u'D[l:E*l] for some LM vector p € R'j__l,
If there existed such a p with one or more zero components, then the corresponding constraints could be
dropped without changing the solution to the program and hence the intersection of halfspaces, contradicting
irreducibility. Hence, no p can have zero elements, but that means that p is unique and that DItd=1] hag
full row rank. This, in turn, means that for any g, {D“Zd_l])\ = g[l‘d_ll} is nonempty and (by sufficiency of
KKT in linear programs) any element of it minimizes DUl subject to Dld=1) < 9[1;5_1]. This, in turn,
means that {DM/\ < g“ﬁl} £ 0 iff DN < g where \* = Dltd=1 (D[li‘f*”z)llﬁﬂffll’)*l gltd=1 This

condition can be written as

~ ~ ~ ~ _1 ~ ~
pldl pl:d—1y (D[lzd—l]D[l:dfl]/) g[l:d—l] . g[d] < 0
_u/gu;&—u _ g[rf] < 0
<> |: _I'L/a _17 0 . :|g < 07
[1x(J*—d)] =
where we substituted for D19 = f,uD[l:j*l] and simplified. This condition is linear in g and just fulfilled

at g = 0, thus its probability under the multivariate normal distribution of g is exactly 1/2. But then,
Pr(2%(p,0) > 0) < Pr(A(K*,g*",0) # 0) < 1/2.
Next, consider A(K*, g*", ¢) for some ¢ > 0. The arguments involving Lagrange multipliers are unchanged,

and so a necessary condition for A(K*, g*™, ¢) to be nonempty is that

! (g*W[l:d—l] t+e- 1571) < g*W[d] +e

B [Ml’ 1]g*W[1:d]

& c>
[:u/’ 1} 13 ’
thus we can write

W . W [/1/,7 1]g*W[1:J] B [ul’ 1]g*W[1:d~]
Pr(Z" (p,c) > 0) < Pr(A(K",g"",¢c) #0) < Pr <c> —W =Pr AT <c].

where the last step used that [u/, l]g*w[lid] is distributed symmetrically about zero. The r.h. probability is the
c.d.f. of a normal r.v. centered at 0, so we immediately have ¢ > 0 for @ = 1/2 and ¢" > 0 for o < 1/2. The
relevant case for bounding the c.d.f. is, therefore, ¢ > 0, in which case the c.d.f. is maximized by minimizing

the r.v.’s variance. Write

CWIL:d] [w,1]  «W[1:d]
(W, 1)g™" M a9
' 111~ w1] 4
[, 1115 Marlm La

The numerator is distributed N(0,s?), where ¢ > w by Assumption 3.2-(v). Also,

[11] 4 | =
mldu <115 =
\/ES V/d. Using these bounds to bound the variance from below, one gets

c>w2d7 207 (1 - a).
This establishes the claim of the lemma for this case.

Case 2: 6;, ¢ H(p,©1(P,,)) and there exists a direction (=vector of unit length) r s.t. D; (6, )r < —1,, /4
for all j € J*.
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Let T = {\/||A]| : A € A(K*,0,0)} collect first-order feasible directions in A(K™,0,0). Fix ¢ € T. For any
j=1,...J and scalar a > 0, the mean value theorem implies

Ep(m;(0i, +aq)) _ Ep(m;(01,))

+aD; (6,
op; (01, +aq) or(0,) ¢ 5 (61,.)q

for some 0, that is componentwise between 6;, and 0;, + ag.
If j ¢ J*, then Ep(m;(6y,))/op;(61,) < —ki,ln~'/* and therefore

Ep(m,;(01, + aq))

< — ln*1/2 D. (6, < _ ln71/2 i
op,; (01, + aq) Ki, +aD;(0,,)q < —ku, +all,

where we used Assumption 3.3-(i). This quantity is nonpositive for a < mnlnflml\zf*l.
For any j € J*, ¢ € T implies D;(6;,)q < 0 and therefore

Ep(m; (01, +aq)) __ Ep(m;(6i,))
opi(0, +aq) —  op;0,)

+aD;(01,)q + o (D;(0,,) — D;(61,)) g < Ma?
~——

<0
<0

using that ||¢|]| = 1 and that D;(0) is Lipschitz continuous with Lipschitz constant M by Assumption 3.3-(i).
Next, the mean value theorem yields

Ep(m;(0i, +aq+Br)) _ Ep(m;(0 + agq))

= +BD; (6, )r,
ap,j (0, +aq+ pr) op,;(01, + aq) AD;(0rn)

where éln lies componentwise between 60;,, + aq and 6;,, + aq + Br. Hence,

Ep(m;(0i, + aq+ Br))
op,;(01, +aq+ Br)

IA

Mo® + BD;(601,)r + B (D;(61,) — D;(61,)) 7

< Mo’ —1,""B+B(B+a)M.

Let o = mnlnfl/Ql\Zf*l and 8 = SH%nln%/‘lMM*?. For I, large enough (namely lnnl:f > 81M4, a threshold
that does not depend on moving parameters) this implies 8 < a and therefore

Ep(m; (01, +aq+ pr))

3Ma? — 1, '/*
op,;(b, +aq+ pr) p

_ 2 _
= 3M (mnl,fl/QM’l) — 1,7 Y3k2 1,7 M = 0.

We conclude that for [, large enough, ¢ € T implies 0;, + k1, In~/?M~1q € ©;(P). Thus, if p'q = O(f»@l_n3/4),

then one can write
s(p,©1(P)) — s(—p,01(P)) > p' (91n + filnlnfl/QM*lq) — 'O, = kil M Y g = Ok )

so that the projection is long, thereby violating the assumptions of the Lemma. This obviously extends to

larger p'q.

3/4)

Next, if max{p'q:q € T} = o(k, ~'"), then the bound from case 1 applies asymptotically. To see this, let

r denote the angle of the simple rotation R that rotates p into p, the projection of p subject to unit length into

the normal cone corresponding to the tangent cone T', denoted N. Then p is on N and T therefore contains

a direction gLp. By our current assumption we then have p'qg = 0(5;3/4) 1_3/4)7
_ —3/4 ' n
hence cosr =1 —o(x; ~'").

, hence sinr =1 —p'p = o(k

Now fix any A(K*,g*", c). We show that maxyca = g+ ) P'A = MaXyep (e oo o) DA + 0(5;3/4). Be-
cause case 1 would apply if the direction of projection were p, it then applies asymptotically to p. Initially
assume © C R?, fix any A € A(K*,¢*", ¢) and write

cosT sinr

P = (Rp) A=/ [ . } A= (I + o V) A=A+ 0l ).
—smnr CosSTr

This concludes the proof because the difference of maxima is bounded above by the maximum of differences.
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For higher-dimensional parameter spaces, assume w.l.0.g. (because it can always be ensured by orthonormal

cosr  sinr 0
base change) that p = (1,0,...,,0) and that R = | —sinr cosr 0 , so that the above algebra goes
0 0 li—s

through with minimal modification.

Case 3: 0;, ¢ H(p,©(P,,)) and for any direction (vector of unit length) = one has D; (8, )r > —l, /4
for some j € J*.

Let y = inf{z: A(K",0,z) # 0}, then A(K™,0,y) is nonempty but has no interior. For any \ €
A(K*,0,0), there exists j € J* s.t. D;A||IA|| > =1, ~Y/%, implying that D;A > — ||A|| 1, ~Y/* > —p/dl,, ~*/%.
It follows that A(K*,0, —pvdl, /%) = 0 and therefore that y > —pv/dl, ~*/%. Next,

A(K*79*W7 c— P\/gln_l/4) = A(K*:Q*W - p\/gln_1/41J*vC)~
Assumption 3.2-(v) ensures that
br (A(K*79*W,C) #0,A(K", g™ — pVdl, " *15+,¢) = 0)) =0

and therefore the bound from case 1 applies.

PROOF OF LEMMA B.8: By definition, (nj = @(ky ' v/1im;n(0))/64.5(0)), and therefore EZ](O) < (n,j(0) for
each n and #. This implies that the constraint set in (A.8) used to define Z2**(p,c,6) in (A.13) is tighter
than the constraint set used to define (A.8) in (A.12), and therefore Z5"*(p, c,8) > Z%?(p, c,6), which in turn
yields é,(0) > ¢é,(0) for each n and 6. O

PRrROOF OF LEMMA B.9: Let (0,, P,,,) € {(6,P), P € P,0 € T(P)} be a sequence such that

limsup Py, (¢, (6n) — cn(0n)] > €) = limsup sup sup P (|é,(0) — cn(0)] > €). (B.80)
n—oo n—oo PEPHeY(P)

Let {a»} be a subsequence of {n} such that

n—o0o

im Py, (1, (0a,) — can (0a,)] > €) = limsup Py, (1€ (0) = ca(B)] > ). (B.81)
n—o0

Observe that by (A.11)-(A.12), Z$*(p,c,8) and Z8*?(p,c,d) differ only in the constraint set, with the boot-
strap process and the estimated gradient replaced by their limits, and 67’;(0) replaced by ( pn(0). Below, we
argue that the convergence of the bootstrap process, the estimated gradient, and the smooth GMS term imply
the desired result.

By passing to a further subsequence {l,,} of {an}, one may assume
H;,lhpwln 7ln,7j(0ln) — Ty € [70070]7 .7 = 17 U 7J7 (B82)

and therefore by continuity of ©*, Cpn;(0) — @*(m;) for j = 1,---,J. Define J* = {j =1,---,J : 7; €
(—00,0]}. Note that J* is non-empty by Lemma B.11. Because /n(m%, ;(6,) — Ep[m;(X;, 0,)]) = Op(1) and

" is continuous, it follows that for any j € J~,

. Vi,my, (61,)
* — o =1V n,j\"lin)
Gut) = (“ln Fras )
N _1 \ﬂn(mln,j - EP’YZn [mj(Xi’eln)]
= K ~
L 61,5 (01,)

op, i(0h,)
61,5 (01

) = Cpyy, 10 (01,) + 0p(1).

(B.83)

-1
+ i, hey, 10,5 (01,)
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Define the event

A, = {257 (p, ¢, 00,) = U(GY, (01,), DZy (01,85, 1, (01, p),
and 2" (p,c,01,) = UGH (01,), DF, (00,), (7 (01,),¢,p)}.  (B.84)

Arguing as in (B.62), one can show P,, (A,) — 1.

By Lemma D.2.8 in Bugni, Canay, and Shi (2015), G, 4 Gp in 1 (©) uniformly in P conditional on
{X1,---,X,}. In what follows, we take (G2*,G%) to be the almost sure representation of (G%,Gp) such that
G’,’: ’s distribution equals the distribution of G? conditional on {X1, -, Xn}, G} 2 Gp, and GY Gp.
Below, we assume that Z2*” and 2% are defined for (G%,G%). Then, for any € > 0,

P, (Zf’: (p,c,0i,) > —en Zlb:(fp, ¢, 0,) > —eNAL)

In

> Py, (209 (00c,0,) 2 02 =207 (p . 0,) N AL, )

- P’Yln (qg;az(p ‘Zlb:’p(q7 c, eln) - Z;?’p(q? c, eln,)‘ Z €N Aln)
> Py (257 (,0.0,) > 0> =25 (-p,c,0,) N AL ) — (B.85)

for all n sufficiently large, where the second inequality follows from GY" ¥ Gb, D % Dp uniformly in P

by Assumption 3.3 (iii), (B.83), and Lemma C.1 (whose assumptions are verified in Appendix C.1 and C.2).
Noting that P, (Ai,) — 1, it then follows that for any € > 0

P, (zlb:’p(p, ¢,0,) > 0> —Z"(—p,c, 9,n)) > P, (zf:p(p, ¢0,) > 0> 25 (—p,c, eln)) —¢, (B.86)
for all n sufficiently large. Similarly, reversing the roles of Z8**(p, ¢, 6;,) and Zfi’p (p,c,01,,), we obtain

Py, (Z{b:’p(p, ¢,0,)>0> fo:”](fp, ¢, Hln)) - Py, (Zﬁfp(p, ¢,0,)>0> fZi”](fp, ¢, Hln))‘ =0.
(B.87)

The conclusion of the lemma then follows from (B.80)-(B.81), Gn(x) = P, (Zl(i”](p, x,0,,) >0> —Zﬁ’p(—pw,ﬁln))

being continuous (uniformly in n) and strictly decreasing by Assumption 3.2 (iv) and arguing similarly to

Lemma 1.2.1 in Politis, Romano, and Wolf (1999). O

lim
n— o0

PROOF OF LEMMA B.10: (i) To establish the first result, observe that for given 6 the event

, rrllaxJ{(Gp,j(H)} <c (B.88)

.....

implies the event

{ sup (p, ) : max {GPJ(G) + Dp;(0)' A+ 5P,j,n(9)} < C} > 0. (B.89)

\E€pBy J=1,...,

This is so because if max;j—1,. s {Gp;(#)} < ¢, then due to Cp;n(f) < 0, A\ = 0 is feasible in the outer
maximization problem in (B.89), hence the value of (B.89) is greater than or equal to (p,0) = 0. In turn this

yields the desired result for

M = Zl—a/J
> sup sup {inf {c : P ( max {Gp;(0)} < c) >1- a}} , (B.90)
PeP hcO j=1,...,J
where z; is the 7 quantile of the standard normal distribution, and the second line follows from Bonferroni’s

inequality applied to the maximum order statistic.
(ii) The proof is similar to that of Lemma B.9. Let Let (6,,P,,) € {(6,P),P € P,0 € T(P)} be a
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sequence such that
timsup P, ( sup len(0n) = en(6)] > )
n—00 9/6(9n+n_1/2Pan)ﬂT(P’Yn)

= limsup sup sup P( sup len () — cn(8')] > e). (B.91)
n—oo PEPOY(P) 0’€(0+n~1/2p, B4)NT(P)

Let {an} be a subsequence of {n} such that

lim P, sup |Can (Ban) — Can, (07)] > €
n—oo , —1/2
0 e(gn,n +an Pan Bd)ﬂT(P’\,an )

= lim sup P,m( sup len (0n) — (07| > e). (B.92)

n—roo 0/ €(0n+n"1/2p, By)NT(Py,,)

Arguing as in (B.82) and passing to a further subsequence {l,}, one has from Lemma B.11 a non-empty set
of 7* C{1,---,J} such that

ki, hey, it (61,) = w5 € (—00,0], Vj € T (B.93)

This in turn implies that /-cfnl he,, j1,(0") — m; uniformly in 6" € (6,, +1,2pBa)N T (Py,, ). This is because,

by the mean value theorem, one has
wi, by, 5, (00) = K ey, G0, (00,) + s Dey, (60,)'(0" = 6,), (B.94)

for some mean value 6, between 6y, and ¢', and ;' Dp, ;(01,)'(8' = 01,) = o(1) due to Assumption 3.3 (i),
16" — 6., ]| = O(1). Define

Ap, = {259 (p,e,0,) = UGY, (0,), DF, (00,).C5 1. (01,),¢,0))}. (B.95)

An argument similar to the one in the proof of Lemma B.6 then ensures P, (A;,) — 1. Arguing similarly to
(B.85)-(B.87), one then obtains for any 0], € (61, + 1, "/>pBa) N T(Py,)

lim
n— o0

P, (zﬁ’P(p, ¢,01,) > 0> —Z8(—p,c, eln)) -p, (z;‘fj’(p, ¢,0)>0> —Z8(—p,c, egn))’ -0.

(B.96)
By Assumption 3.2 (iv) one may then show that Gn(z) = P, (Z&p(p,x,ﬁln) >0 > fZE’L’p(fp,:v,Oln)) is
continuous (uniformly in n) and strictly decreasing. The conclusion of the Lemma then follows from (B.96)
and arguing as in Lemma 1.2.1 in Politis, Romano, and Wolf (1999).

PROOF OF LEMMA B.11: When h2 > x/°

, 0n € H(p,O1(Pyp)) for all n implying there exists a j € {1,---,J}
and a sub-sequence such that hpj m,, (0m, ) = 0 for all n.

When h4 < /1,11/5, 0, € ©1(Py). For 0, € 90;1(P,), the previous argument applies. Suppose 6,, € 07,
which in turn implies that there are no moment equalities. Let én =60, + ap € 901(P,) denote the closest

point to 6, in direction p on the boundary of ©;(P,). By a mean value expansion,

E(m;(0,))  E(m;(6n)) P
oi(0n)  o;(0n) + D;(0n)(0n — On),

for 0,, a value between 6,, and 6,,. Because 6,, € 0091 (P,), it follows that there exists at least one j € {1,...,J}
such that E(m;(0,))/0;(0,) = 0, and therefore for that same j,
‘ E(m;(6))

< (0, ~n_ I = 1/5 —1/2
oo | < IDs @I = 0ul) = O/ *n ™),

where the last equality follows from the assumption that h% < ro/ 5, the fact that Dj is Lipschitz in 6, and

the fact that D;(6,) is uniformly bounded. It then follows that for this same j, k5, hpjn(0) — 0, establishing

the claim.
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C Uniform continuity of the linear program value and uniform
bound on Lagrange Multipliers

For each (D, e, p) € R”*% x R’ x R, , define the value function V (D, e, p) of the following linear programming
problem LP(D,e,p):

V(D,e,p) = sup (p, )

AeRd
sit. DX <e, (C.1)
A€ pB%. (C.2)

Let S(D, e, p) and M(D,e,p) be the solution set and the set of Lagrange multipliers (solutions to the dual
problem) to LP(D, e, p) respectively. Let the Lagrangian be defined by

J d d
LA D,e,p) = —=(p,A) + Y iy (DiA—e5) + Y prsn(thh = p) + > povare(—p—1kA),  (C.3)

j=1 k=1 k=1
where ¢ is a d-dimensional vector whose k-th component is 1 and other components are Os.

Below, let w = (wp, we) € R’ denote a direction of deviation of (D', ¢’) from (D, e). For any ¢t > 0 and
w € RTT et @,,(t) = {)\ € pBy : (D +twp)A < (e +twe)} be the feasibility set under a small perturbation
toward w. We verify the key assumptions of Lemma C.1 for the linear programs that we use, in Appendix C.1
and C.2.

LEMMA C.1: Let T be the set of (D,e)s that satisfies the following conditions. There exists a positive
constants M > 0 such that (a) Slater’s condition holds; (b) u; < M forallj=1,---,J, u € M(D,e,p).

Suppose (D,e) € T and (D', ¢') € R7¥7 is such that ®,(t) # 0 and (D + twp, e + tw.) € T for all t
sufficiently small with w = (D' — D, e’ —e). Then

[V(D',€',p) = V(D,e,p)| < M|[D" = Dljp+ M’ —ef (C4)

Proof. We first verify conditions (i)-(iv) of Theorem 4.4 in Bonnans and Shapiro (1998) (BS henceforth). Note
that LP(D, e, p) is convex. S(D, e, p) is non-empty and compact by (D,e) € T and pBg being compact. The
directional regularity condition in BS is satisfied because Slater’s condition holds. By the argument in the
proof of Theorem 3.2 in Shapiro (1995), condition (iv) of Theorem 4.4 in BS is satisfied if Slater’s condition
holds and if there exist & < V(D, e, p), t* > 0, and a compact set S such that

{A:(p,A) >a, e d,(t)}C S, (C.5)

for all t € [0,t*]. By our assumption on (D’ ¢’), the above condition is satisfied with S = pBg and a =
—d'/?p for some t* > 0. Hence, by Theorem 4.4 in BS and their subsequent remark, V (D, e, p) is Hadamard

directionally differentiable with the directional derivative

J
V'(D,e,p)[w] = inf sup  V(peL(D,e,p)w= _ inf sup Zu]—(wlpj)\ —we;) . (C.6)

AES(D,e,p) pe M(D,e,p) AES(Dsep) peM(Dep) 527

By the Hadamard directional differentiability of V and (D, e) being in a finite dimensional space, it follows
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that for any to > 0,

I[Iolf ]V/(D +tha€+tweap)[w] < V(D+t0wD,e +t0w€’p) - V(D,e,p)
te[0,to

< sup V(D +twp,e+twe, p)[w] , (C.7)
te[0,to]

(see e.g. Proposition 6 in Demyanov, 2009). Letting wp = D' — D and we =€’ — e, (C.6) and (C.7) imply

|V(D,7 6,, p)*V(D, €, p)‘

J
swp S (b, A - wey)]

< sup ’ inf
te[0,1] )\ES(D+th,e+tweyﬂ);LGM(D+th,e+twe,p)jzl

J J
<MY |lwp, || sup [[A]|+ MY [we,|
AepBy

=1 j=1

< M|wpllp+ Mljwe, (C.8)

where the second inequality follows from S(D + twp, e + twe, p) C pBq,Vt € [0,1] and Assumption (b), and
the last inequality used ||z|2 < ||z||1 for any 2 € R7. This establishes the claim of the lemma. O

C.1 Slater condition

Let Dy, be a J; X d matrix whose rows are transposed gradients D; for j =1,---,Ji. Let Dy, be similarly
defined. Below we use the matrix norm [|Allop = sup, =, [|Az||.
Let @ denote the law of g = (¢7,,¢},)’, a random vector in € R”1772. Let Q be the set of distributions
under consideration. Let e = (gj, — hy, +¢,975, + ¢, —gu, + ¢) where hy, <0 and ¢ > 0. Let p > 0 be given.
LP(D,e,p) is said to satisfy the Slater condition if (i) ¢ = 0 and there exists A € pBg such that Dy, A < e,
and Dj, A = ey, or (ii) ¢ > 0 and there exists A € pBg such that D\ < e. Below, we let L be the event that
LP(D,e, p) satisfies the Slater condition.

LEMMA C.2: For any n > 0, there exists M, > 0 such that
P(LA{ sup  [ull < My} N {S(D,e,p) #0}) > 1 -1 (C.9)
HEM(D,e,p)

uniformly in Q € Q.

Proof. First, we show the result for ¢ = 0. In this setting, LP(D, e, p) involves J; affine inequalities, J2 affine
equalities, and the constraint A € pB?. Below, I assume that

sup ||ull < My/2, S(D,e,p) # 0. (C.10)
HEM(D,e,p)

By Theorem C.1, this event has at least 1 — 7/2 probability under any Q € Q. Take any pair (A", u) €
S(D,e,p) x M(D,e,p). Let CN*)={j=1,---,i+Je+2d: K;jA—e; =0}, 1I(A") ={j=1,---,J1:
DX =e;}, Ja(XN)={k=1,---,d: X; = p}, T-a(\*)={k=1,--- ,d: =\, = p}. Denote the cardinality
of each of these sets by J1(\*), Ja(A*), and J_q(\*) respectively. Let 0 < p’ < p and define the following linear

programming problem:

Ja
. / /
(D) gme T Gz Z Hj — Z€J1+kwl+k +p Z Hay+da41 +p Z Ky +Ja+d+1
HERLT XR72 XRYS JETL(A*) k=1 1eJa(A*) LET_q(A*)
J1 Ja 2d
sty D+ Y pnekDoyak + Y (Wit ast = Byt s 4dr)a =P
j=1 k=1 =1

wi = 0,¥j ¢ C(X7).
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By Theorem 28.3 in Rockafellar (1970), any p € M(D, e, p) satisfies the KKT condition. Therefore, p €
M(D,e,p) is a feasible solution to (D). By Lemma C.4 and (C.10), the optimal value achieved in (D) is also
uniformly bounded (with probability at least 1 —7/2). Note that (D) is a dual problem to the following primal
problem:
(P) sup(p, )
st.DIA < —Cya, j € T1(X)
D;)‘ < 07 .7 € {17 7J1}\k71()‘*)
D;)\zej, j=J1+1,--- ,Ja
A <9, ke Ja(A")
M <o, ke Ja(\)
e =0, k §Z Jd()\*) U j_d()\*).
Since both (P) and (D) are LPs and (D) is feasible, the strong duality holds (see e.g. Boyd and Vandenberghe,
2004, p.227). Since (D) is feasible and uniformly bounded, (P) is feasible, which in turn ensures that there
exists a feasible solution A to (P). Consider a convex combination Ao = X 4 (1 — @)A* for some a € (0,1).
Then, for any j € J1(A\*), Cy/2 + €; > 0 implies
DiXa = aD;S\ +(1—a)DjA < —aCy+ (1 —a)ej =ej — a(Cyy2 +€5) < €. (C.11)
Furthermore, for any j € {1,---,J1} \ Ji1(\"), one has
Dida = aDiA+ (1 — a)DjA* <04 (1 — a)DjA" < (1 — a)e; < ej, (C.12)

where the first weak inequality follows from D;j\ < 0forany j € {1,---,Ji} \ Ji(A\*) by A being a feasible
solution to (P), and the second inequality follows from Dj\* < e; because of the j-th inequality being slack
at A*.
Next, since Dy, A = Dj,A\* = e, it follows that
Dpda = aDp A+ (1 —a)Dp\* =ey,. (C.13)

Further, the k-th component of A\, satisfies

Aok =arp + (1 =)\ < ap + (1 —a)p < p, Vk € Ta(\) (C.14)
Aok =Ap + (1 =)\ > —ap — (1 —a)p > —p, Yk € T_a(\) (C.15)
Aok = (1= )Xy € (=p,p), k & Ta(N") U T-a(X") (C.16)

Note that for any j € {1,---,J1}, Cyy/2 + €5 = Cyy/2 + gj — hj > 0 holds with probability at least 1 —n/2 by
h; < 0 and Lemma C.4. Therefore, (C.11)-(C.16) hold with probability at least 1 —7/2. Combine this with
the probability of (C.10), which is also 1 — /2. Then, the claim of the lemma follows for the case in which
c=0.

We now consider the case in which ¢ > 0. The argument is similar to the one used above. A key difference
is that the affine equalities in the previous case are treated as two opposing inequalities in the current case.
Again, take any pair (A\*,pu) € S(D,e,p) x M(D,e,p). Let Jo(A\*) ={k=1,---,J2: Dj4r = es+r} and
TJ-oN)={k=1,--+,J2 : Dy4iy+k = €J,+Jo+k} be the set of binding constraints among the inequality
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constraints that are generated from the equality constraints. Define

(D) pn G Z pi = Cuy2 Z pi+k = Cnya Z HIy+Ja+k
uER xRI2 xRy JETLAN) kET2 (A7) kET_2(A")
+0 Z ot aps 0 Z Ky Ja+d+
1€T4(A*%) leg_q(A*)
J1 J2 2d
s.t. ZM;‘DJ + Z pa+k Dk + Z(MJ1+J2+Z — W4 da+d+i)l =P
j=1 k=1 =1

This is a dual problem to the following primal problem:

(P) sup(p,A)
s DA < —Chya, § € T1(A) U T2(A) U T-2(X")
DiX<0, je{L, -, JI\ (JL(A") U T(A") U T-2(\"))
M <oy k€ Ta(\Y)
X <p, ke Ta(X)
A =0, k¢ JTa(\")UT_a(X").
Arguing as in the previous case, there is a feasible solution A to (P). Define Ao = aX + (1 — @)\* for some
a € (0,1). Then, arguing as in (C.11), one has
DiXa <ej —a(Cya+ ;) < ej, Vj € T1(A) UT2(X") UT-2(X7), (C.17)

provided that C, /2 +e; > 0. Note that e; > g; for all j = 1,---,J1 + J2. Hence, C,,/2 +e; > 0 occurs with
probability at least 1 — 7 by Lemma C.4. Furthermore, arguing as in (C.12), for any j € {1,--- , J}\(J1(A*)U
J2(A*) U J-2(X¥)), one has

Dida = aDiA+ (1 —a)DiA* <0+ (1 — a)DjX" < (1 —a)e; < e;. (C.18)
In addition, (C.14)-(C.16) hold by the same argument as before. Therefore, (C.14)-(C.18) hold with probability

at least 1 — n/2. Combine this with the probability of (C.10), which is also 1 —7/2. Then, the claim of the
lemma, follows for the case in which ¢ > 0. O

C.2 Uniform bound on Lagrange Multipliers

THEOREM C.1: Suppose Assumptions 3.1, 3.2, 3.3 hold and that A(Kp,gp,cn) # 0, with this set defined
in equation A.9. Then for any n > 0 there exists a M, < oo such that

sup P( sup pll > My, A(Kp, gp,cn) # @> <. (C.19)
pPeP HEM(Dp,ep,p)

THEOREM C.2: Suppose Assumptions 3.1, 3.2, 3.3, 3.4 hold and that A(Kp,gp,c,) # 0, with this set
defined in equation A.9. Then for any n > 0 there exists a M, < oo and N € N such that

sup P( sup l[pell > My, A(Kn, gn, cn) # Q)) <n (C.20)
PeP REM(Dy, en,p

for alln > N.

THEOREM C.3: Suppose Assumptions 3.1, 3.2, 3.3, 8.4 hold. Then for any 1 > 0 there exists a N € N
such that

sup P(A(Kp, gp,cn) # 0, A(Kn, gn, cn) = 0) <17, (C.21)
PeP
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for alln > N.

Proof of Theorem C.1. Let B(Dp,ep,p) denote the set of basic solutions,
B(Dp,ep,p) = {\° e R": \Y = (K§') g%, |det(KE)| > 0,3C C {1,...,J +2d},|C| = d}.

Note that the cardinality of the set B(Dp,ep, p) is finite. Define the collection of constraint indexes that form

a basic optimal solution by
C(Dp,ep,p) ={C C{l,...,J+2d}: \° € B(Dp,ep,p) NS(Dp,ep,p)}.

The set M(Dp,en,p) is a random closed set in R772¢ and the set C(Dp,ep,p) is a random closed set
taking its values in the subsets of {1,...,J + 2d}, see Molchanov (2005, Definition 1.1.1). Let

M(Dp, en, p) = Ucec(ppeppmin’ : 1 = (K5') 'p}.

In general, M(Dp, en, p) C M(Dp,en, p). However, we argue that for all € > 0,

sup P
PeP

To see why this is the case, observe that each u € M(Dp,ep, p) solves the equation p = Kpu, and p can

max [l = sup lulll > enNA(Kp,gp,cn) # @) <e (C.22)

HEM(Dp,en,p) pweEM(Dp,ep,p)

have less than d non-zero entries, exactly d non-zero entries, and more than d non-zero entries.

The first case corresponds to an optimal solution with less than d active inequalities. Let A denote the set
of active inequalities at this optimal solution, with |A| denoting its cardinality. Then p = K ﬁ’,uA. Consider
now an optimal basic solution C' € C with A C C. Then for that basic solution, p = K&’ ;¢ and u© is uniquely
determined by this equality because K&’ is invertible by Lemma C.6. Without loss of generality, assume that
K# corresponds to the first |A| rows in K. It then follows that u© equals u# followed by d — |A| zeros, and
therefore [[u]| = [[uC.

The case in which u € M(Dp,ep, p) has more than d non-zero entries corresponds to the case that there
are more than d active inequalities satisfied at a given solution to the linear system. By Lemma C.7, the
probability of this event can be made uniformly smaller than e.

Finally, we consider the case that u € M(Dp, ep, p) has exactly d non-zero entries. Denote the indexes of
the non-zero entries of u by C. We now argue that |det(K$)| > 0. Suppose by contradiction that det(K§) = 0.
By Lemma C.6, the probability that det(Kg) = 0 and there exists a A € R? such that K&\ = ¢%, is uniformly
equal to zero. This in turn implies that p ¢ M(Dp,ep, p). Hence (C.22) holds.

Fix an arbitrary collection C C {1,...,J + 2d} of cardinality d such that |det(KS)| > 0 . Let u¢ =
(KE)'p and let \¢ = (K§')"1¢¢. By definition,

PAT =P (KE) 9" = ug
Remark that for given Kp, u€ is non-stochastic. Suppose ||u|| > M,. Then
jnf P({C' ¢ C}NA(Kp,gp,ca) # 0) > inf P({p'A° € pBa} N A(Kp, gp,cn) # 0)
> jnf PUP'AC € pBa} N A(Kp,gp,cn) # 0N |det(KE)| > 0)

where the first inequality follows because if A€ is outside the p box, it cannot be optimal. The result then
follows from Lemma C.5, observing that C has finite cardinality.
O

Proof of Theorem C.2. Let C(Dy,en,p) and M(Dy,en,p) be defined analogously to C(Dp,ep,p) and
M(Dp,ep,p). By Lemma C.8, we have that the analogs of Lemmas C.5, C.6, and C.7 hold when Kp
and gp are replaced by K,, and g,. Hence the result follows. O
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Proof of Theorem C.3. For any index set C such that |C| = d and KSAC = ¢, Lemma C.6 yields that

sup P({AY € A(Kp,gp,cn)} Ndet(K§) = 0) =0,
PeP

and for any n > 0 there exists &, such that

sup P(0 < |ag| < a, N {\“ € pB*}) < n/4,
PeP

where A¢ = (Kg)flgg and ozdc denotes the smallest eigenvalue of K& K§. Recall that

det(KE)| > (W)

If |det(KS)| > 0, let A\ = (KS)7'gS. Because K, —P Kp uniformly, and the determinant is a continuous

function of its argument, we have that for any 1 > 0 there exists a N € N such that
sup P(|det(K5)| > (/@,)" Nldet(K5)| = 0) < n/4
PeP

for all n > N. Let C = {C € {1,...,J +2d} : |C| = d}. Tt then follows that

sup P(A(Kp,gp,cn) ;é ®7A(K’nagn7c’ﬂ) = @)
PeP

S }SDHI?D P(UCEC{)\C € A(Kp,gp,cn)} n {A(K’ﬂ?gnaC”) = Qj})
€

< sup P(Upce (A7 € A, gp.ca)} N1det(KE)| > (v/a2)" 0 {AKy gn.c0) = 0)) + /4
S

< sup P((Ucez (X7 € AKP.gp, e0)} 0 det (KE)| > (/a)"
1 [det(KS)| > 00 {A(Kn, gn, e0) = 0} ) +20/4

< }Sfél%P( Uoee {07 € A(Kp, gp, )} N |det(KS)| > (y/an)"
A ldet(KS)| > 0N {A ¢ A(Kn,gn,cn)}) +2n/4

< fié%lp( Uoee {AC € A(Kp, gp, )} N |det(KE)| > (y/an)"
Nldet(KS) >0n {3l e {1,...,J+2d} : KIXG > glh}) + 2n/4

<> sup P(1A7 € A(Kp, gp,cn)} 0 |det(KE)| > (y/an)”

‘ PeP

Nldet(KS) >0n {3l e {1,...,J+2d} : KIXS > glh}) + 2n/4.
Observe that whenever A € A(Kp, gp,c,), we have that for all 1 € {1,...,J + 2d}, K}[i] 2\ < gg. Using this
fact and Lemma C.7, we have that for all l € {1,...,J4+2d} : | ¢ C and for all > 0 there is an ¢, such that

—1
sup P (0 > KJ (KF') g8 gl > —enn Al) <n/4,
PeP

with A; denoting the event that {|det(Kf§)| > (Vay)* } Next, observe that by assumption, uniformly over
P, K,, =¥ Kp and g, =% gp, so that for all n > 0 and the same €, there is N € N such that

—1 —1
supP({‘(K}[ﬂ (Kg/) gg—gg) - (KT[L” (KS') gf—glﬁ)’ >6n/2}ﬁAlﬂA2) <n/4
PeP
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for all n > N, and where As denotes the event |det(KS)| > 0. This in turn implies that

}s)u};)DP({)\C € A(Kp,gp,ca)} Nldet(KE)| > (v/an)"
€

N|det(KS)| > 0N {3l € {1,...,J +2d} : KIAS > g }) + 2n/4

-1
< sup P({/\C = (KS) ' n{vie{l,....,J+2d}: 1 ¢ C, K (KS’) g5 — gl < —en}}

PeP
N1det(KS)| > (Van)" N|det(KS) > 0N {3l € {1,...,J+2d} : KIAS > gl)}) + 3p/4
<.

Observing that the cardinality of C and the cardinality of {1,...,J + 2d} are both finite, the result follows by
choosing n appropriately. O

C.3 Auxiliary Lemmas

LEMMA C.3: Suppose Assumption 3.1, 3.2, 3.3 hold. Let C denote a subset of {1,...,J+2d} of cardinality
d. Suppose C = C1UCo, with C1 C {J+1,...,J+2d} an indez set of cardinality di and C> C {1,...,J} an
index set of cardinality da and dv +ds = d, di > 1,d2 > 1. Suppose det(Kg) £0. Let u© = (Kg')flp. Then
if | € > M, > 2, it follows that ||p@++4|| > (M, — 2)/2dM.

Proof. Without loss of generality,!* we can write

Cor
KC o Idl Odlxd2 KC/ _ Idl DP,d2><d1
p = D02 DC2 ) P — Ie) DCQ/ ’
P,da xdy P,dg xda da xdy P,da xdy

where Og, x4, 1S @ d2 X di matrix of zeros, and [Dg?dlde Dgfdlxdl] = Dg2. Let p = [p1; p2], with p1 the
d1 x 1 vector with the first di components of p, and p2 the remaining d> x 1 components. Using the algebra

for matrix blockwise inversion we have that

—1
Caor Co/
o\ ! 1 _DP,2d2><d1 (DP,zdgxdz) P2
(KP) b= Cot -1
(DP,dzxd2> p2

We first argue that pz # Og,x1. Suppose not. Then, recalling that ||p|| = 1, we have ||u€|| = 1, contradicting

b

% <1+ dMHNWIHIdJ H (C.23)
O

the assumption.

Next observe that by triangle inequality and elementary operations,

I

M, < (16| < 2max{

-1
Caort
(Dp,d2 ><d2> p2

-1
Cor Cor
p1— DP,d2><d1 (DP,dgxdg) p2

which in turn implies

LEMMA C.4: Under Assumption 3.2-(v), for any € > 0 and r € R, and for any vector k € R such that
|kl =1, it follows that
it (K gp ] > €) > 28 (/). (C.24)

Y The use of the I, is without loss of generality in the sense that having one or more of its rows multiplied
by —1 will not change the argument.
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Proof. Let N(a, b2) denote a random variable distributed normal, with mean @ and variance b2. Then:
jnf P([[Kgr—7]|>e)
= (| (et s s )
1 (06 0 >
2 juf P(IN 0wl >¢)
— 20 (—¢/Va),

where the first inequality uses that for given b* and €, P (|| N (a,b%)|| > €) is minimized at a = 0. O

Y

LemMA C.5: Suppose Assumptions 3.1, 3.2, 3.3 hold. Fiz any q : ||q|| = 1. Let A be such that KE\® =
g%, and let i€ be such that KS'i° = q. For any 0 < n < 1 there is a M, such that if |i°|| > M,, then

: c
Illelfp P\~ ¢ pBg) >1—n. (C.25)

Proof. By Lemma C.6-(i), A\© exists with positive probability only if |det(K$)| > 0, and therefore
i c > i © g . .
Jinf P(X” ¢ pBa) 2 inf P({A" ¢ pBa} N |det(Kp)| > 0) (C.26)

Initially let C' pick only stochastic constraints, in which case it is w.l.o.g. to set C' = {1, ...,d}. We then have

. C C
inf P (,\ ¢ pBa N |det(KS)| > 0)

v

nt P

H > p[det(KF)| > 0)

_ . cr C
= i P (7] > e o)

_ . ~C C
= jnf P (H [u ngﬂj gH > pN|det(Kp)| > 0)

- ﬁ‘é%P(H[nucn a8 > ey <51 > 0)
20 (=p/ (MVd)) 21 -n.

If C picks some stochastic constraints and some non-stochastic ones, then define fi to be the (J+2d)-vector

v

that agrees with [LC in components picked by C' and is zero otherwise. The above algebra then applies with

{”‘LCIH . (])“J replaced by i/ H,u[l ‘]]H The fact that ‘ lt ‘”H > (M, — 2)/2dM follows because the vector
X e

[1:J]

I
have that H,ulle d H > (M, —2)/2dM, with fi [d1+1:d] denotmg the entries of ji corresponding to the stochastic
constraints in C'. Hence, M can be chosen also in this case so that the result holds. Finally, C' cannot pick

contains the entries of [ ,u corresponding to stochastic constraints, and by Lemma C.3, if H,ZLC || > M, we

only nonstochastic constraints, because in that case ||| = 1 and the assumption is violated. O

LEMMA C.6: Suppose Assumptions 3.1, 3.2, 3.3 hold. Fix any index set C' of cardinality d. Then

(1)
sup P(det(KE) =0N{3xeR*: KEx=g8}) =0,
PeP

(ii) for any n > 0 there exists &y, > 0 such that

sup P(0 < |ag| < @, n{\“ € pB*}) <,
PeP

where \© = (KC) 148 and adc denotes the smallest eigenvalue of KS'K§.
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Proof. (i) If K& is singular, there exists h® € R%, h® # 0, s.t. h’K® = 0. Then KX = ¢ implies
h® g% = 0. Let h denote the (J + 2d)-vector that agrees with h on components corresponding to the index
set C' and contains zeros otherwise. If Hh[l"]] H = 0, then the submatrix of K corresponding to nonstochastic
constraints is singular. This is only possible if C' picks opposing faces of the p-cube, in which case the conclusion
is obvious. If Hh[LJ]H >0, let h=h/ Hh[LJ]H. Then h®¢g¢ = 0 iff A'g = 0, but by Lemma C.4 for all € > 0,
inf P (|W'g| > ) = 20 (—e/ V&),

PeP

yielding the desired result for € = 0.

(ii) Let ¢ denote the eigenvector associated with a§ (recall that because K<’ K¢ is symmetric, HqCH =

1). Then we have

—
I

le} c C
o= [l«a°] =

o) e

(5% () )|

IN

I

and therefore, denoting fi = (K°")~'¢°,
- on=1,C 1 1 1
A = 2 o = >
I = [ I(KCqO)*  ag =~ ay

It then follows from Lemma C.5 that we can choose &, so that the claim holds. O

LEMMA C.7: Suppose Assumptions 3.1, 3.2, 3.3 hold. Let D and C denote two distinct subsets of
{1,...,J + 2d} of cardinality d, and let \° and AP be such that KEAC = ¢g§ and KEXP = gB. Then
for all e > 0,

inf P (H)\C 2P| > e) > 20 (—eM /v/w).

Proof. Pick any two basic solutions indexed by C' and D. By Lemma C.6-(i),

sup P({det(KS) =0n{IMeR?: KEA=¢S}}
PeP

U{det(KE)=0Nn{3A e RY: K2\ = gf;}}) —0.

Let A; denote the event that {|det(K$)| > 0N |det(K5)| > 0}. Initially assume that both basic solutions
pick only stochastic constraints, then it is w.l.o.g. to assume that C = {1,...,d} and that d+1 € D\C. Next,
Pe{r: Kgl“])\ = gE‘jH]} implies that

KIHINC _ gla+l
HAC H >d (X7 0 KETI =gty ) = | |
e
P
Hence,
inf P (H,\C ,\D ‘ > e)
PeP
-1
S e
. [d+1] (-or\ "t H [d+1]
_ I;rgpp( K KP> , 1,1><J9d71:|gp > e|[ K14 A 4,
=:kp
> grelng (|kpgp| > eM N Ay)
. 1:J v
g (o ] > i )
> @ (_EM/\/‘;) )
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with M > ||KI[§H1]| > M by Assumptions 3.2-3.3. Here, we used that kEgH] = —1, hence Hk%tJ]H > 1, and
invoked Lemma C.4.

If neither C' nor D pick any stochastic constraint, then A¢ and AP are distinct corners of the p-cube
and H/\C —-\P H > p with probability one. Finally, assume w.l.o.g. that D but potentially not C' contains a
stochastic constraint. Without further loss of generality, assume that 1 € D/C. Let kp denote the (J 4 2d)-
vector that agrees with K}[,H (Kg') “'in components corresponding to elements of C, that has first component

(—1) and that otherwise equals zero. Then the above algebra applies using the new definition of kp. O

LEMMA C.8: Suppose Assumptions 3.1, 3.2, 8.8, 3.4 hold. Then for any e > 0, for any 6 > 0, for any
r € R, and for any vector k € R7T2? such that |07 = 1, it follows that there exists N such that n > N
implies
inf P (||k'gn — >29 (— 1 — 4.
Jnf P ([[F'gn =] > €) 222 (= (e +0) /vw)

Proof.
Jnf P ([['gn =] >¢) = inf P ([ (9p + (90 —9r) = 7[| > ¢)
> inf P([Kgr—r|>e+38) = P(lgn —grl > 0).
Choosing N such that suppcp P (|lgn — gp|| > 6) < and applying Lemma C.4, yields the result. O
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